British Journal of Mathematics & Computer Science
10(3): 1-6, 2015, Article no.BJMCS.18471
ISSN: 2231-0851

British Journal of
Mathematics

SCIENCEDOMAIN international

www.sciencedomain.org SCIENCEDOMAIN

A Voronovskaya Type Theorem for
Bernstein-Durrmeyer Type Operators

Magdalena Lampa-Baczyrska'*

1Faculty of Mathematics, Physics and Technical Science, Pedagogical University of Cracow,
Poland.

Article Information

DOL: 10.9734/BJMCS/2015/18471

Editor(s):

(1) Feyzi Basar, Department of Mathematics, Fatih University, Turkey.

Reviewers:

(1) Anonymous, Sardar Vallabhbhai National Institute of Technology, Surat, India.

(2) Francisco Bulnes, Department of Research in Mathematics and Engineering, TESCHA,
Chalco, Mexico.

(3) Anonymous, George Mason University, USA.

Complete Peer review History: http://sciencedomain.org/review-history/10082

Original Research Article

Received: 23 April 2015
Accepted: 06 June 2015
Published: 07 July 2015

Abstract

Bernstein operators constitute a powerful tool allowing one to replace many inconvenient
calculations performed for continuous functions by more friendly calculations on approximating

polynomials. In this note we study a modification of Bernstein type operators and prove in

particular that they satisfy Voronovskaya type theorems.
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1 Introduction

Approximation issues appear in many branches of mathematics and they find a huge number
of applications beyond mathematics. They originate in the celebrated Weierstrass Theorem to
the effect that any continuous function on a compact interval can be uniformly approximated by
polynomials.

Weierstrass Theorem is non-constructive in the sense that it provides no algorithm for construction
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of approximating polynomials. This problem has been taken on by Bernstein [1] who constructed
in 1912 for a given continuous function f : [0,1] — R a sequence of polynomials B, (f,z) converging

uniformly to f(x)
Bu(f, ) = o (E) , (n)xk(l e
= \n k

These polynomials are nowadays called Bernstein polynomials.

Slightly more generally, B,’s as functions of argument f can be viewed as linear operators from the
space of continuous functions on [a, b] to the space of polynomials in one variable of degree at most
n € N.

In the course of time Bernstein operators have been modified and generalized, see eg. [2] and
references therein. In particular one studies Bernstein-Durrmeyer type operators defines as follows,
3).

For the rest of the paper we fix a positive real number p.

Definition 1.1. Let n be a positive integer and f be a Lebesgue integrable function on [0, 1].
Define an operator Uf, for = € [0,1] by

UL(f2) =D FL o (f) - pni(x), where
k=0

£(0) for k =0,
Fo(f) =14 [} Ft)-pb,(t)dt  for k=1,2,3,...,n—1,
f(1) for k = n,

tk-p71(1 7t)(n7k)<p71
lun,k(t) = _ )

and B is Euler beta function.

These operators are defined on the space of Lebesgue integrable functions which is considerably
bigger than the space of continuous functions. Nevertheless these operators enjoy similar properties
as Bernstein operators.

2 Main Results

We begin by showing that Uf(f) are approximation polynomials for continuous functions. This
fact is surely well-known, but we were not able to find it in the literature and include the proof for
sake of completeness.

Note that the convergence of Durrmeyer operators in multivariate setings and with respect to various
measures has been extensively investigated by Berdysheva in [4].

Theorem 2.1. For any f continuous function on [0,1] the sequence Uf(f) is converging uniformly

to f.
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Proof. We will use the famous Korovkin theorem. To this end we need to have uniformly convergence
Uf(ei,x) — e; for i € {0,1,2}, where e;(z) = z*. By definition for all n we obtain U£(eo, ) = eo(z)
and Uf(e1, ) = e1(z). This implies in particular that Uf(e;) uniformly converges to e; on [0, 1] for
i € {0,1}. We need to show the uniform convergence for ¢ = 2. We have pointwise convergence

p(n—1)a* + (p+ Dz _

Jim Ul (e2,z) = Jim. np 1 = ez(x).
Let
M, = sup |Ug(ez, @) — e2(z)].
0<z<1

Then
—1)z? 1 1 1 1
M, = sup p(n—1)a" + (p+ )$_$2 — sup p+ P pt1
0<ae<1 np+1 o<z<1Mp+1 4 np+1

It follows that
lim M, =0.

n— o0

That means that the convergence

Uf(e2,x) — ea(x)

is uniform. From the Korovkin theorem, when Uf(e;) — e; converges uniformly on [0, 1] for
i € {0,1,2}, then UL(f) — f converges uniformly for every continuous function f. That ends the
proof. O

The second result is the verification that Voronovskaya type theorem holds for Bernstein-
Durrmeyer operators. In 1932 Voronovskaya obtained a result dealing with the asymptotic behavior
of the classical Bernstein operators. Her theorem is stated in the book of De Vore and Lorentz [5]
as follows.

Theorem 2.2. If f is bounded on [0,1], differentiable in some neighborhood of xo and has second
derivative f"(zo) for some zo € [0,1], then

lim (B (f, o) — f(ao)] = SoL=T0)

n—o0 2

- f" (o).
If f € C?[0,1], then the convergence is uniform.

This result attracted a lot of attention a few decades later and many authors inspired by
Voronovskaya’s theorem proved similar asymptotic properties for other groups of operators. All
these theorems are jointly called Voronovskaya type theorems.

A result of this type has been in particular claimed by Paltanea in [6]. In the paper of Paltdnea
the proof is missing and the theorem is stated with the right hand side coefficient % instead %.
Therefor we present the correct formulation and the complete proof below.

Theorem 2.3. If f is a continuous function on [0,1] and twice differentiable in every x € (0,1),

then we have "
(p+1)f"(x)

% cx(l — ).

nh_}n;o n[US(f,z) — f(z)] =

Proof. Let f be a continuous function on [0,1] and twice differrentiable in (0,1). Using Taylor’s
formula for fixed zo € [0,1] we obtain ]
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F(t) = f (o) + f'(wo)(t — wo) + % [ (@) (t = x0)” + (t — 20)* - €y (1)

where lim;_, 4 €4, (t) = 0 and function ¢ — &4, (t) is continuous on [0, 1]. From the definition of Uf
we have

1
UL(f,x0) = f(xo) - UL (eo,z0) + f'(20) - UL(e1 — o, 20) + 3 f(x0) - UL (e2 — 2woer + 1’37330)+
+UL((ex — 0)? - €x» m0) = f(w0) + ' (x0) - [Uf(ex,20) — o - UL (€0, 0)] +
1
+5- f(xo) - [Uf(e2,20) — 2x0 - U (e1,m0) + x5 - Uk (e, x0)] + UL ((e1 — %0)” + €29, x0) =

—=(p+ a5 + (p+ Dao

P + UL ((e1 = 20)* - €, 0).-

1 1"
=f($0)+§'f (o)

It follows that

1

n[U7(fw0) = f(zo)]l = |5 - (o)

—(p+Dad+ (p+ o

e + UL ((e1 — 20)* - €2, T0)

— 1)xzd 1
et et t o+ )xo-&-n'Uﬁ((el—xo)Q'&xm

= % . f”(ﬂco) ‘n

np+1
o (p+ )i+ (p+ 1)
<")71. 1" ) .—p+1$0+ p+1)xo
Al _2 f (l'()) n np+1 )
A = UL((e1 — 10)? - €2y
Then

lim n[UZ(f,20) — f(zo)] = lim A + lim ALY,
n—oo n— o0

n—>00

We compute the first limit limes on the right hand side

— 2
limp o0 Agn) = limp o0 % ' f”(xo) - W

1

_ 1, f"(xo) iMoo 7 - —(p+Dad+(p+zo _ 1 -f”(mo)-lim N —(p+1)z3+(p+1)zo
- 2 n oo - 2 n o0

n(p+=) p+x

. :L'()(l — ZE()),

2 "
_ % . f/l(x()) My, eo —(ptDag+(p+l)z0 _ (P+1)‘2}; (z0)

P

Now, we need to calculate lim,, o Ag"). From Cauchy—Schwarz inequality for positive operators
we have that

U2((e1 = 20)” - 220, 20)| < \/UE((er — w0}, 20) - /UL ((220)?, w0).

It follows that

n JU2((e1r = 20)% - 2agy 20)] < /2 UR((e1 — 20)%,20) - \/UR((€00)2, 20).
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If limy—szq €20 (t) = 0 and t — £,,(t) is a continuous function, then ¢ — (g4, (t))? is a continuous
function, too and limy_, (g4, (t))* = 0. Since also U£(f) — f converges uniformly we obtain

lim U’ ((e2y)°, 20) = 0,

n—oo

so that finally

lim /Uf ((4)2, 20) = 0.

n—00

Now we take care of the term +/n2 - Uf((e1 — 20)%,0). After straightforward computations we
have

n2. Uﬁ((el — x0)47 170) =n?. Uf:((e;; — 4esxp + 662$g - 461%8 + ZE%,:E()),ZC())

_ [n3(30°+6p2+3p) —n?(6p° +24p% +36p+18)]z] T [=n3(6p3+12p%+6p)+n? (360> +720% +72p+36)]z]
- (np+1)(np+2)(np+3) (np+1)(np+2)(np+3)

+[n3<3p3+6p2—3p>—n2<7p3+30p2+47p+24nw8 4+ 22+ (p+2) (p+3)z0
(np+1)(np+2)(np+3) (np+1)(np+2)(np+3) *

The sequence
n® - UL ((ex — x0)*, x0)

has a finite limit for all 2o € [0,1]. Therefore the limit of the product below exists and we have

i [/ U8 (e —20)%a0) - VR (e 2 50)] =0

n— o0

Therefore we obtain

0<n-|Ui((er — ar:o)2 “E€ag,To)| < \/n2 -Uf((e1 — zo)*, o) - \/Uﬁ((€xo)27$0)
and it follows that

lim [n-Uf((e1 — 20)® - €49, 20)] = lim A =o.

n—r00 n—r00

So that finally we obtain

lim n[UL(f, z0) — (o)) = LD (@0)

n—00 2p ‘£0(1_$0).

Since this works for arbitrary xo € (0, 1), the proof is finished.

3 Conclusion

We prove that Uf(f) are approximation polynomials for continuous functions. We also verify that
Voronovskaya type theorem holds for Bernstein-Durrmeyer operators. The result stated in the
present note is valid for continuous functions only. It seems possible to extend it in an appropriate
way to Lebesgue integrable functions. We hope to come back to this problem in the near future.
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