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Abstract

We introduced a new generalized Weibull- Odd Frechet family of distributions with three extra
parameters and we derived some of its structural properties. We derived comprehensive mathematical
properties which include moments, moment generating function, Entropies and Order Statistics. One
family of this distribution called new generalized Weibull- Odd Fréchet -Fréchet distribution is used to fit
two data sets using the MLE procedure. A Monte Carlo simulation is used to test the robustness of the
parameters of this distribution, in terms of the bias and mean squared error. The results of fitting this new
distribution to two different data sets suggest that the new distribution outperforms its competitors.

Keywords: New generalized Weibull- odd Freéchet family; order statistic; entropies; Monte Carlo
simulation.

1 Introduction

Statistical distributions have received reasonable attention by those working in both theory and application
because the Statistical analysis depends heavily on the statistical distribution to address any problem under
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study; everyday several models are proposed in order to make it more tractable and flexible. The tractability
of a probability distribution makes it easier for the researcher; especially when it comes to simulation of
random samples, but the flexibility of probability distributions is of interest because more flexible models
give more information than the less flexible models. It is advisable to use the probability distributions that
best fit the dataset than to alter the already existing distribution as this may affect the originality of the
dataset. As a result of this, several efforts have been made in recent years to ensure that the existing standard
distributions are modified; this includes Transmuted Rayleigh distribution by Merovci F. [1].

Exponential distribution was first generalized by Gupta and Kundu [2] and named it as Exponentiated-G
class, which consists of raising the cumulative distribution function (cdf) to a positive power parameter.
Some others generators are beta-G by Eugene et al. [3], Kumaraswamy family by Cordeiro and de Castro
[4], Exponentiated generalized class of distributions by Cordeiro et al. [5], new technique for Generating
Families of probability distribution function as a generator by Alzaatreh et al. [6], the Lomax Generator of
distributions by Cordeiro et al. [7], beta Marshall-Olkin family of distributions by Alizadeh et al. [8],
Kumaraswamy Marshall-Olkin family of distributions by Alizadeh et al. [9], Kumaraswamy transmuted-G
family of distributions by Afify et al. [10] and many more.

1.1 Weibull distribution

Weibull distribution by Weibull [11] is one of the most widely used lifetime distribution and has been
identified as a life testing model in reliability and engineering. It is a distribution that can take a form of
other types of distributions, based on the value of the shape parameter p. For example, the Weibull
distribution reduces to exponential distribution when the shape parameter f=1. In reliability analysis, the
Weibull distribution can be used to find the percentage of items that are expected to fail during the burn-in
period.

A random variable X is said to follow a Weibull distribution, if its CDF and pdf are respectively given by
Equation (1) and (2)

F(x;a, ) =1-exp| —ax’ |.x20,a>0,8>0 1)

f(xa.B)=apx" exp| -ax’ |,.x20,a>0,8>0 )

Where o and B are scale and shape parameters respectively.
1.2 Fréchet distribution

French mathematician introduced Fréchet distribution by Maurice Fréchet [12]. This Fréchet distribution has
been described as a distribution for modeling and analysis of several extreme events ranging from
accelerated life testing to earthquakes, floods, rain fall, sea currents and wind speeds. Applications of the
Frechet distribution in various fields given in Harlow [13] showed that it is an important distribution for
modeling the statistical behavior of materials properties for a variety of engineering applications. Fréchet
distribution can also be called the Inverse Weibull distribution

A random variable X is said to follow a Fréchet distribution with one parameter, if its cumulative distribution
function (cdf) and probability density function (pdf) are respectively given by equation (3) and (4)

A
F(x;A)=exp —(é} , x>0,4>0 3)
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And

Y Y
f(x;/i):xhlexp—; ;0 x20,4>0 4)

Where A is the shape parameter.

This article is structured as follows. Section 2, presents the proposed new Generalized Weibull odd Fréchet
(NGWoFr) family of distributions and one of its sub-model. The structural properties of the proposed family
including some useful expansions are presented in section 3, section 4 contains some parameter estimation
technique and some simulation study in order to assess the robustness of the estimated parameter. Data
analysis in the form of fitting the new Generalized Weibull odd Fréchet —Frechet distribution and its
competitors to the life testing and length of intervals between the times at which vehicles pass a point on a
road is presented in section 5 while section 6 concludes the paper.

2 The New Generalized Weibull- Odd Fréchet (NGWoFr) Family

This section introduced the new proposed family of distributions.
2.1 The new generalized Weibull family of distribution

Let g(x;&) and G(x;&) denote the density and cumulative functions of the baseline model with parameter

vector & and consider the Weibull distribution cdf F(f) =1—exp(—at”) (fort > 0y with positive
parameters @ and £ . Then Cordeiro et al. [14] defined the cdf of the Weibull-G Family of Distributions by

replacing the argument of t by — log [1 — G(x; gg )] as follow

Faa.f.8)=ap[ ™ expl-at’ )t =1-exp [—a(— log[1-G(x:)])” J . >0
’ )

The corresponding pdf is given by

apfg(x;&)
[1-G(x;9)]

2.2 The odd Fréchet-G family of probability distributions

e, p,&)= {—log[l—G(x; 5)]}#1 exp[—a(—log[l—G(x; f)])ﬁ} (6)

Let g(x;&)and G(x;&) denote the density and cumulative distribution functions of the baseline model

2
1
with parameter vector & and consider the Fréchet cdf F(t, /1) =exp _[; (fort > 0) with positive

parameter A >0, then the cdf of the Odd Fréchet-G family proposed by Ulhaq et al.[15] is defined by
replacing the argument of t by G(x;&)/ (_;(x;f),where (_}(x; &) =1-G(x;¢) as follow
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G(s8) ; RY
Fore(x;4,8) = J‘{G(’“é)}%exp{(ﬂ :ldx = exp{—(—l _Gf(xg;)é)] } A>0 @)
0 x;
The corresponding pdf is given by
o AN -G ) F—Guﬁ{f.
orc (53 4,8) = oy | I A>0 8)
Jorsl%4:) [G(x;6)] eXp{ G(x;8) } - (

2.3 New generalized Weibull- odd Fréchet (NGWoFr) family of probability
distributions

We defined the proposed family (New Generalized Weibull- odd Fréchet Family of Distributions) via the cdf
and pdf

H(x;24,6)

F(x,a,8,,8)=af|

0

" exp(—at”)dt =1- exp{—a[(—log ( 1=[Fop (4,6 )]))]ﬁ} ©)

The corresponding pdf'is given by:

Pl (o1 52.9]) e o -1 Fo 52|

-6 B AE) =

Where

H(t;2,8) = (—log (1-[Fppe (1 4,9)]))

substitution equation (7) in equation (9) and (10), we have the cdf and corresponding pdf as:

Y
sl 5]
And

-a, B, A, E)=afl 2(x N -G(x; &) KL(X@]T —1
f w-ore (5 p.A.E)=ap [G(x; of)]lﬂ P G(x;&)

AV o
X —log{l—expl_(%j B eXpy—& —log[l—exp{_(%if)ﬂ J

an

(12)
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2.3.1 Survival function

The survival function (R(x)) is the probability that a patient, device or any objects of interest will survive
beyond a specified time, the survival function is also known as the reliability function. The survival function
of New Generalized Weibull- odd Fréchet Family of Distributions is given by equation (13).

2
RO)=1-F(xa, B, 2, &) =expl —a| —log| 1-exp _(MJ
G(x;$)
(13)
2.3.2 Hazard function

Hazard rate, H(x) refers to the rate of death for an item of a given age, and it’s also known as the failure rate.
It analyses the likelihood that something will survive to an earlier time t. In other words, it is the likelihood
that if something survives to one moment; it will also survive to the next. Hazard rate cannot be negative and
only applies to those items which cannot be repaired. The hazard function of New Generalized Weibull- odd
Frechet Family of Distributions is given in equation (14).

0 IAC LAY IOy (13 LG ECt5) F—Guxq .
G(x;6)

C1-Fra.fhé) [G(x; &)

p-1

1—Gu¢ql
G(x:6)

x| —log| 1—exp —[
(14)
2.3.3 Quantile function

Quantile function also called inverse cumulative distribution function and is associated with probability
distribution of a random variable used for simulation study and it’s given by:

1 A

Ow)=G(x;E) "' | 1+| —log| 1—exp —{—ilog(l—u)}ﬂ
a

(15)

Where G(x;¢)the cumulative distribution function of any continuous probability distribution and u is a
random number generated from uniform distribution between 0 and 1.

In section (2.3.4), we provide sub-model of New Generalized Weibull- odd Fréchet Family of Distributions.
The probability density function given in equation (11) will be most useful when the cdf G(x;¢£)and the pdf

g(x;&) have simple analytic expressions.
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2.3.4 New generalized Weibull- Odd Fréchet—Frechet (NGWoFr-Fr) distribution

Suppose that the parent distribution is Frechetwith cdf and pdf respectively given as

0 e V4
G(x;0, 7)=exp{—(—j } and g(x;0,7)=0"yx" +1)exp|:—(gj } for (x> 0), then the New
X X

Generalized Weibull Odd Fréchet- Frechet distribution has the cdf and corresponding pdf respectively given
by equations (16) and (17)

A
4
Fy orc (X500, 8,4,0,7)=1—exps —a| —log l—exp[—{exp{(gj }—IH
X

And

B

(16)

_(7_,_1)( |:(0)7:| Jﬂ )
X exp|| —| |-1 R 1
X 0 V4
Jw—ore(530, B, 2,0, y) = a0y S exp (@Wl:(;j :|—1} -1
X

(W <~

The survival R(x) and hazard h(x) function of New Generalized Weibull- odd Fréchet-Fréchet Family of
Distributions are given in equation (18) and (19) respectively,

A

(17

B

[ ( l:(ejy} Hl b
R(x)=1-F(x;a,B,0,4,7)=exps—a| —log| 1—exp| —| exp| | — | |1
X

and

e (pmu - (’”MH 1 .
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2 A

0 /e
x| —log| 1—exp| —| exp —f—j -1
X
(20)

The Quantile function of new Generalized Weibull Fréchet- Fréchet distribution is given by:

—1 -

~ =

1

O@w) = 0] —log| 1+| —log| 1—exp _{_llog(l_u)}ﬂ
a

21

O<u<l.

where u is a random number generated from uniform distribution between 0 and 1; that is

key o | key
0 - s o
2 » #04p-16,-09 60 453 = - 5=075-120094-08620
| | T tsietistes o e — s5b0 2502065
! 806 =4 =35 325 1 R AN a0 75003 =09 d=09 <19
o | {1 esrietBetent ,'._I \:.“ e DS p IS D 63
g | Tool N T
= T <7 ' M e
[ il -~ R
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(a) Pdf of NGWFr-FrD (b) hazard function of NGWFr-FrD

Fig. 1. Shows some possible shapes of probability density function and hazard function of new
generalized Weibull- odd Fréchet-FréchetDistribution for some selected values of the parameters,
respectively

3 Some Structural Properties of the New Family of Distribution
This section provides some Statistical Properties of the new family of distributions.

3.1 Useful expansions of the proposed family of distributions

In this section, we provide a very useful expansion for the proposed New Generalized Weibull- odd Fréchet
Family of Distributions.
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o, B,A,E)=afl g O[-G(x; O KL(’CQJT -1
Jw-orc(X; 0, B, 4, 6) = afp [G(x; f)]l+1 P G(x; &)

fl ] otz

Using the power series expansion
1 Al
tog 1PMMH
G(x8)

A p . .
el —log| 1—exp| -| 1269 _ D
exp{ 0{ log(l exp{ ( G(x,) ﬂ B ] ; i!
& () g NG [exp[(l‘(”(x; 5 ﬂ _1]

Fy oraea pu 1) =apiy

Equation (22) can be rewritten as
i [Gos o] G(x;8)

B B+i)-1
it

But

1 Alith)-1 L \BGHDA
_ —exo| [ 12G(39) _ (1-G(x;¢) o
[ log{l exp{ ( G d) DJ {{exp{ [ G ) jD +(ﬂ(z+1) 1)

- PRGN
prj((,B(i+l)—1)+j)[exp - %} D }

j=0

PRIVAGHE 2TV
1-G(x; 1-G(x;
Expanding [eXp {— (ﬁj ] and [eXp [— (ﬁj }] in power series

(23)

Equation (23) can be expressed as
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Jw-orc(0, B, 4,8) = ¢ ﬂlz

) g5 O0-6s 1 exp[[l—G(x;@ﬂl_l 7
(G o] G(x:¢)

() (Bi+)-1) (1-G (1) G+ BiD) (1-G)
{Z i (G()J (AT p 0P (G(x)j}

But

. exp{_[l—G(x;r:)j‘]
) A G(x;
l:exp[(lG(x,f)J} B 1] _ (x:$)
{ (24)

x n+k—1 ;

Using Binomial expansion ()C + a)_” = Z( ) = Z( 1) ( j " to the denominator
i=0

and power series expansion to the numerator of equation (24), we have:

0 o ® i_l i+m+n 1+i n . _ ) a1 B ' n
fW—OFG(XQOla,Ba/Lé:):a,BﬂZZZ oD (+Z) g -G(x;6)] (1 G(X,f)]

i=0 m=0 n=0 i'n! [G(x; (f)]/1+1 G(x;$)
D BE+D-1 (1-G(x) N NN D GHAEHD) (1-G)
{Z k (G()j LRDVIE D ( ) J }

This can further be simplify as

i0 m=0n=0 iln!

2 & 2 d( A (1) (e
froesafAE-apS S S A ) {Z( VADY | g 120((,+1>ﬁ+,>

D +,B(z+1)) lg(x E)[1= G, &)
Z [ 5)]/1(l+k+n)+l

(25)

But

® A(l+k+n)-1
[l—G(x;f)]‘“*’””)‘l=Z(—l)q( , jG(x;e‘)q

q=0
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Then equation (25) becomes

2 &&&d (=11 R N 17 2 W
S5 A= WZZZZ()(H)( j{z(l)(ﬂ(;l)l)

i=0 m=0 =0 g=0 i'n!

H Ai+)-1) ipj((i +1)B+)

q

Z (=D A n)* } o6 [ &)
(26)
Equation (26) can be rewritten as
f(xa,B,4,8)= Z Z Z D, Mg sikenyiny (X)
k=0 n=0 ¢g=0 (27)

Where

B atimeny (9 = (4= A0+ k +1)+2) g5, 6)G ;&)

And

s AT (1 m) (ww] (=D (BGE+D) -1 RPN S .
Prna = Zolmz_olumq Al+k+n)+2)\ o kzol k! +A+D l)gpf((lﬂ)ﬂ”)

Z( D (J+,3(l+1)) }

(28)
And the corresponding cdf is given by
F(sa,f.4,6)=3 % 0,6x)""
1=0 m=0 (29)
Where
©  ® (_1)i+2+l+ma(z+l)
ZZ.( j (BG+D) +(z+1)ﬂzpk((z+1)ﬁ+k)(k+(z+1)/3+1) }
=0 70 G+D!! (30)

And G(x;¢) is a baseline cdf, which depends on a parameter vector &£.

3.2 Mathematical properties of the proposed family

In this section, we provide some structural properties of new Generalized Weibull- Odd Fréchet
(NGWoFrG) family of distributions.
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3.2.1 Moments

The " moments of the proposed family can be obtained from equation (27) as

o o0 o

E(X")= zzzq)k,n,qE(Z]:,n,q)

k=0 n=0 ¢=0 (3 1)
Where Zk,n,q denotes the exponential-G distribution with power parameter (q - A+k+n)+ 1) . Since
the inner quantities in pdf (27) are absolutely integrable, the incomplete moments of X can be written as

L= j X f(ra A=Y YYD, L ()

k=0 n=0 ¢=0

Where
¥y
]k,n,q = J. xrh(q—/i(l+k+n)+2) (x;8)dx
3.2.2 Moment generating function
The moments generating function of the proposed family is defined as;

M=o, Ee)

k=0 n=0 ¢=0 (32)

Where

2 1.4 —_ & RN .
E(e™) = _[e o By sanemn (2:8)dz
0

3.2.3 Entropies
The Renyi entropy of a random variable X represents a measure of variation of the uncertainty. The Renyi
entropy is defined by:

Ig(x)zﬁlog j f(x)?dx,0>0and@ =1

Using the pdf of our proposed class of distributions (27), we can write

0

[ o o BN o]

(x) Zzzq)k naYq- /1(1+k+n)+2)(x)

k=0 n=0 ¢g=0
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Then, the Renyi entropy of a random variable X having the New Generalized Weibull- odd Fréchet Family
of Distributions is given by

0
1 2\ < 0

1y(x) = 1—0 log [z z z q)k,n,qj J (h(q—i(l+k+n)+2)(x;§)) dx ;0 >0and6 #1 (33)

The r-entropy, say [{r(x), is given by

Hr(x)zilog{l— I f(x)"dx};r > 0andr#1

By using the pdf of our proposed class of distributions, we can write

r
o0 o0 o0

S(x) = zzzq)k,n,qh(q—/l(l+k+n)+2)(x)

k=0 n=0 g=0

Then the r- entropy of a random variable X having the New Generalized Weibull- odd Fréchet Family of
Distributions is given by

1 2SS " i
HJﬂz;TbgL{ZZ§ﬁ%Mjj@wmmwﬂm@)ﬁ;nmmw¢l (34)

3.2.4 Order statistics

Let )(1,)(2,...,)(; be a random sample from our proposed class of distributions and

‘lezn S)(Zn S ‘X fln (X)

“Tmn denote the corresponding order statistics.

X ()

denote, the pdf of the ith order

statistics ,then the order statistics for our proposed class of distribution is obtained as:

[ ()= [0 BAEF (%0, 2,8 [I-F(x;e, B, 4,6)]

n!
@—Dl(n-i)!

n—i

jF(x;a,ﬂ,z,f)"

J

But [1-F(x;2, 8,4, 5)]”"’ = IZ(—D/' (

Then we have
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0 0 0

1= i )’("](iiﬂk,ﬁ(x;f)m'“‘] >3 Py st

k=0 m=0 k=0 n=0 g=0 35)

Where h

(G- A(1+k+n)+2) (X) is the Exponential-G family with power parameter (q —A(l+k+n) +1) ,

G(x; &) is the baseline cdf, Q,m and q)k,n’q are respectively given in equations (30) and (28).
4 Parameter Estimation

4.1 Maximum likelihood method

The maximum likelihood method is the most common method employed in most of the research for
parameter estimate, so we consider the estimation of the unknown parameters of our proposed class of

distributions from complete samples only by maximum likelihood estimates. Let X;,X5,...,X, be the
observed values from the New Generalized Weibull- odd Fréchet Family of Distributions with parameters

T
a,B,A and&. Let 1= (CZ, ﬂ, /1, @ be the Px1 parameter vector. Then the log-likelihood function of 7;
is given by

1(77):nloga+nlogﬂ+nlog/1+ilogg(xi;g")—(/1+l)ilogG(xi;§)+(/1—l)ilogé( &) Z([H(x, ]—1)

+(ﬂ—1)§:10g(—10g(1—exp[ (H,:9)'))- aZ( log(1-exp| - (Hf(x;@ﬂ))

G(x¢)

( ;&)= . The components of the score function:

G(x;¢)

U= L[ o
a’ 0 04 o0&

JT = (U,.U,.U,,U, ) . are given by

U, =g—g(—log(l—exp[—(h’,'(x;f))q))ﬁ

U, :%—[Z:log(—log(l—exp[—(]—li(x; g‘))q))—aﬂg(—log(l—exp[—(fli(x; f))q))ﬂl
U, =Z—ﬁlog(?(&;é)—ilog(_?(&;é)—i(sp)+(ﬂ—l)§:10g(—1og(l—zi“))) —ag—log(l—ziw))ﬁ

Where
v=((eoy )
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And
2 =exp[ () |

U,U,U,

U
Equating ¢’ BTG (for k=1..., p) to zero and solving the equations simultaneously yields the MLE

=GB AE) n=(@pAs)

Almost all the analysis (results) obtained in this work cannot be achieving without this section especially in
obtaining the goodness of fit measures. All the derivation in this section cannot be solve numerically, so we
adopt the statistical software called R-studio in R-package to obtain the estimate of the model parameters.
These estimated parameters available in Tables 2 and 3 maximize the likelihood that the process described
by this model will produced the data that were actually observed.

5 Monte Carlo Simulation and Application

5.1 Simulation study

Construction of model depend heavily on assumptions which associated with uncertainty, Monte Carlo
simulation help to explain the impact of risk and uncertainty in prediction and forecasting models. In this
work we adopt the Monte Carlo simulation to ascertain our proposed distribution about the risk in modeling
lifetime data.

To assess the performance of NGWoFr family distribution, the simulation study was conducted using the
Monte Carlo Simulation method to compute the mean, bias and variance of the estimated parameters from
the maximum likelihood estimates. The Simulated data is generated using the quantile function defined in
equation (21) for different sample size n= 50, 75, and 100 and replicated 100 times. For each sample size
a=38, =19, 1=1,0=0.1and y=0.262.

Table 1. Presents the results of bias and variance from the simulated distribution

Sample sizes (n) Parameters Estimates Bias Variance
50 a 0.09031714 -3.70968300 0.00527840
B 5.02550200 3.01255020 0.00036323
A 0.34417260 -0.65582740 0.00140305
6 0.26031930 0.16031930 0.00164769
y 0.07633079 -0.18566920 0.00272111
75 a 0.05659038 -3.74341000 0.001628607
B 5.04138200 3.11413820 0.00024201
{ 0.33088120 -0.66911880 0.00039686
0 0.25413510 0.15413510 0.00067897
v 0.07799147 -0.18400850 0.00159897
100 a 0.02719936 -3.77280100 0.00072597
B 5.05893900 3.15893900 0.00018228
y) 0.31743060 -0.68256940 0.00020797
) 0.24972440 0.14972440 0.00046607
v 0.07972022 -0.18227980 0.00109517
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Table 1 represents the results obtained from the Monte Carlo Simulation study. These results show that the
bias and variance decreases toward zero with an increase in sample size, this indicates that the proposed
distribution is suitable and less risk in modeling lifetime dataset.

5.2 Applications

In this section, we demonstrate the significance of New Generalized Weibull- odd Fréchet—Frechet
Distribution using two real datasets. The maximum likelihood estimates, as well as goodness-of-fit
measures, are computed and compared with these competing models:

(a) Odd Log-Logistic- Frechet distribution (OLL-FrD) defined by Haitham et al. [16] with cdf
0 }/
exp| —o| —
X
oY | oY
exp|—a| — | |+| 1-ep|—| —
X X

F(x;a,0,y)=

, where x>0, a>0, y>0 and 6>0,

And the corresponding pdf

a-1

Y V4 ¥
S(x0,0,7)= a0 yx""Vexp _(Qj exp _(Qj 1-exp _(Qj
X X

X

oY oY
x| exp —a(—j +| 1—exp —(—j
X X

where x>0, a >0, >0 and 6 >0, Withscale parametersa > 0

While & >0, 7 > 0 are the shape parameters.

(b) Alpha Logarithm Transformed Frechet distribution (ALT-FrD) defined by Sanku et al. [17] with cdf

log| A—(A—Dexp _(9)7
X

F(x;4,0,7)=1- , where x>0, >0, y>0 and >0,
log(4)

And the corresponding pdf
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X

V4
(A-1)8 yx " Vexp _(6’)

(x;4,0,y)= p
log(A)| A —(A-Dexp —(Hj
X

With scale parameters @ > 0 while A > 0 and y > 0 are the shape parameters.

(c) Frechet distribution (FrD) defined by Maurice Frechet [12] with cdf

Y
F(x;0,y)=exp —(QJ , where x>0, >0 and 6> 0,
X

And the corresponding pdf

Y
f(0,7)=0"yx""Vexp _(QJ
X

With scale parameters @ > 0 and 7 > 0 as the shape parameter

Data 1: Data set relates to tests on endurance of deep groove ball bearings.

The first data set represents the number of million revolutions before failure for each of the 23 ball bearings
in the life test by [18] and they are:

17.88, 28.92, 33.00, 41.52, 42.12, 45.60, 48.80, 51.84, 51.96, 54.12, 55.56, 67.80, 68.64, 68.64, 68.88,
84.12,93.12, 98.64, 105.12, 105.84, 127.92, 128.04, 173.40

For the endurance of deep groove ball bearings data, we fit and compared the performances of the NGWF-Fr
with OLL-Fr, ALT-Fr, and Fr distributions by comparing the Akaike Information Criterion (AIC), Bayesian
information criterion (BIC) and Hannan-Quinn information criterion (HQIC) statistic using the Adequacy
model package in R.

Table 2. Parameters estimates and goodness of fit measures for first data set

Models Parameter estimates Goodness of fit

a ﬁ‘ 1 0 % AIC BIC HQIC
NGWFr- 0.244045 1.858217 1.060520 1.804910 0.526641 278.280  283.957 279.708
FrD
OLL- 1.797290 1.763615 0.191687 - - 305.6163 309.0228 306.4730
FrD
ALT- 1.924226 0.309823 1.514723 - - 292.5620 295.9685 293.4187
FrD
FrD - - - 1.802343 0.339246 314.2031 316.4741 314.7742

Table 2 provides the parameters estimate and goodness of fit measures for the New Generalized Weibull-
odd Fréchet- Frechet distribution (NGWoFr-FrD) and other competitor distributions.
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Data on endurance of deep groove ball bearings
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Fig. 2. Deep groove ball bearings (histogram) and the fitted distributions

From Table 2 and Fig. 2 it is clear that the new Generalized Weibull- odd Fréchet- Fréchet distribution
(NGWoF-FrD) performs better than its competitors.

Data 2: Relates to the intervals of times at which vehicles pass a point on a road.

The second data presents the length of intervals between the times at which vehicles pass a point on a road.
The data source is Jargensen [19]. The observations are as follows: 2.50, 2.60, 2.60, 2.70, 2.80, 2.80, 2.90,
3.00, 3.00, 3.10, 3.20, 3.40, 3.70, 3.90, 3.90, 3.90, 4.60, 4.70, 5.00, 5.60, 5.70, 6.00, 6.00, 6.10, 6.60, 6.90,
6.90, 7.30, 7.60, 7.90, 8.00, 8.30, 8.80, 8.80, 9.30, 9.40, 9.50, 10.1, 11.0, 11.3, 11.9, 11.9, 12.3, 12.9, 12.9,
13.0, 13.8, 14.5, 14.9, 15.3, 15.4, 15.9, 16.2, 17.6, 20.1, 20.3, 20.6, 21.4, 22.8, 23.7, 23.7, 24.7, 29.7, 30.6,
31.0, 34.1, 34.7, 36.8, 40.1, 40.2, 41.3, 42.0, 44.8, 49.8, 51.7, 55.7, 56.5, 58.1, 70.5, 72.6, 87.1, 88.6, 91.7,
119.8.

For the second data, we evaluate the performances of new Generalized Weibull- odd Frechet- Frechet
distribution (NGWoF-FrD) with the same competitive distributions used for the first dataset.

Table 3. Parameters estimates and goodness of fit measures for first data set

Models Parameter estimates Goodness of fit
& g i o P AIC BIC HQIC

NGWF- 0.869319 1.972623 0.696449 1.399457 0.675642 701.8953 714.0494 706.7812
FrD

OLL- 1.962117 1.927482 0.421730 - - 739.2425 746.5349 742.174
FrD
ALT- 0.956286 0.490810 0.908457 - - 828.896 836.1885 831.8275
FrD
FrD - - - 1.944688 0.679438 770.2945 775.1561 772.2488

Table 3 provides the parameters estimate and goodness of fit measures for the new Generalized Weibull-
odd Freéchet- Frechet distribution (NGWoF-FrD) and other competitor distributions.
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Time interval- vehicles pass a point on a road
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Fig. 3. Time interval (histogram) and the fitted distributions

From Table 3 and Fig. 3 it is clear that the new Generalized Weibull- odd Fréchet- Fréchet distribution
(NGWoF-FrD) performs better than its competitors.

6 Conclusion

Generalizing a standard distribution provides more flexibility in modeling real data. We introduced a family
of distributions called new Generalized Weibull- Odd Fréchet (NGW-oFr) family of distributions in order to
provide more flexible distribution. We provide some structural properties of the new family including
shapes, moments and incomplete moments, moment generating functions, order statistic and Renyi
entropies. The model parameters are estimated by maximum likelihood method and Monte Carlo simulation
is used to test the robustness of the parameters. The sub-model of the family was fitted to two real datasets to
illustrate its flexibility. The result indicates that the sub-model of the family provides better fit than the other
competitors for modeling the two data sets. This new family has unlimited extension, it can generalize any
existing continuous distribution by adding three parameters, each of these generalized distributions can
further be study by designing the confidence interval for estimated parameters or estimating the parameters
using Bayesian approach.
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