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ABSTRACT

Harmonic gear reducer is a new type of mechanical transmission device, which has the advantages
of simple structure, small size, high precision, large transmission ratio, and high transmission
efficiency, which cannot be realized by ordinary gear transmission devices. Due to the presence of
various nonlinear factors in the harmonic gear reducer system, it often exhibits relatively complex
dynamical behaviors, which has an adverse effect on the transmission accuracy and transmission
efficiency of the system. There are many non-smooth factors in the transmission system, and gear
clearance, as one of the common non-smooth factors in the harmonic gear transmission system,
has made it difficult to control the relationship between the output angular displacement and the
input angular displacement of the system, which reduces the stability and transmission accuracy.
Therefore, we establish the dynamics model of the non-smooth harmonic gear transmission system,
based on the fast-slow dynamical knowledge and numerical simulation, and analyze the dynamical
behaviors of the system under this non-smooth factor. The research shows that when the value of
the gear clearance is in a definite zone, the change of the value of the gear clearance will only
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guantitatively change the dynamic characteristics of the system, but not fundamentally change the
motion characteristics of the system. When a smaller torsional stiffness coefficient is adopted, the
vibration frequency of the dynamic error response of the system increases obviously, but the
corresponding vibration amplitude does not change to a significant extent, which shows that the
appropriate torsional stiffness can improve the dynamic response of the system and enhance the
ability of the system to absorb external disturbances and resist shocks. In order to make the
harmonic reducer satisfy more application situations, the evolution of the dynamical behavior of the
system under different external excitations is investigated. When the system is under a light load, it
works as a bilateral shock condition. And when it is in the heavy load state, the system switches to
the unilateral shock state, and the larger load moment leads to multiple vibration responses in the
dynamic error trajectory of the system, which may lead to the phenomenon of speed fluctuation at

the output of the system.

Keywords: Harmonic gear reducer; fast-slow dynamics; gear clearance; the non-smooth factor.

1. INTRODUCTION

Harmonic gear reducer, as a mechanical
transmission device, is a new type of
transmission technology invented due to the
rapid development of aerospace technology [1],
and it is a major innovative application in the field
of mechanical transmission [2]. The harmonic
gear reducer has the incomparable advantages
of other reducers, such as compact size, small
volume, lightweight, low noise, smooth
movement, small meshing clearance, high
transmission precision, and high transmission
efficiency [3], especially for torque transmission
to narrow and closed spaces and power [4], so
harmonic gear transmission technology has
attracted great attention from various countries
since its birth [5].

The dynamic characteristics of the harmonic gear
reducer system are very complex, and there are
many nonlinear factors and multi-scale coupling
effects [6]. Meanwhile, the working conditions of
the harmonic gear reducer are complex and
changeable in the process of operation and the
stability of each component is very important for
the safe and efficient operation of the whole
equipment [7]. However, the current mainstream
research focuses on the source analysis, basic
properties, and their influence on the
transmission performance of the specific
nonlinear factors in the harmonic gear
transmission system, and establishes the model
of the specific factors [8]. Using the knowledge of
nonlinear dynamics to solve the problem of anti-
vibration and noise reduction in the process of
gear transmission has become an important topic
that scholars at home and abroad have generally
paid attention to. Some scholars have used the
multi-scale method to analyze the single-degree-
of-freedom gear vibration model and analyzed
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the dynamic response of the gear-tooth system
under different conditions [9]. But there are
multiple coupling effects on different time scales
in the harmonic gear transmission system, and
there are few reports on the dynamics of the
harmonic gear transmission system from the
perspective of multi-scale. Therefore, the
mathematical model established to analyze the
harmonic gear transmission system must fully
consider the scale effect under the actual
background conditions, conduct qualitative and
guantitative descriptions from a multi-scale
perspective, establish a reasonable dynamic
model, and more accurately reveal the mystery
of the real model.

The non-smooth factor is an important nonlinear
factor in the mechanical transmission system,
and the harmonic gear transmission system is no
exception [10]. Non-smooth dynamic systems
cover most of the models in the engineering field
[11]. Because these factors do not have
continuous smoothness in the mathematical
sense, smooth dynamics cannot be used to solve
problems in non-smooth systems, and special
theoretical knowledge needs to be utilized and
developed [12]. Non-smooth factors may cause
speed fluctuations and instantaneous
transmission ratio imbalances in the harmonic
gear transmission system, which hinders the
accuracy and stability of the system [13]. In
recent years, with the development of the field of
linear science, a large number of scholars have
carried out a lot of research on the dynamical
system with non-smooth factors from engineering
applications and combined non-smooth factors
with dynamics to reveal its dynamical mechanism
[14]. Therefore, it is very important to use the
theory of non-smooth subjects to study the
harmonic gear transmission system, which has
important guiding significance for manufacturing
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and dynamic optimization design, and solving
problems such as system stability, durability, and
noise reduction [15].

As one of the common non-smooth factors in the
harmonic gear transmission system, the gear
clearance will cause the relationship between the
angular displacement of the output end and the
angular displacement of the input end of the
harmonic gear transmission system to be
nonlinear, which  seriously affects the
transmission accuracy of the system [16]. Due to
the unique structure and complex transmission
principle of the harmonic gear reducer itself,
there are non-smooth factors that cannot be
ignored [17]. These factors will not only reduce
the ideal transmission accuracy of harmonic
gears but also affect the service life and
operating quality of the final product [18].
Therefore, the research on the non-smooth
characteristics has extremely high research
value, which can provide some theoretical basis
for the design and application of harmonic gear
reducers [19].

At present, there are relatively few studies on the
non-smooth multi-scale coupling effect in the
harmonic gear transmission system, so the
analysis of the fast and slow oscillation behavior
in the system has important significance for the
theoretical framework of non-smooth multi-scale
dynamics and practical engineering applications
[20]. Based on the theory of non-smooth
dynamics, this paper introduces a non-linear
segmented gear clearance nonlinear function to
study the influence of gear clearance in the
process of harmonic gear transmission. First, we
establish the dynamical equations of the non-
smooth harmonic gear reducer system. Under
the external periodic stimulation, we study the
complex dynamic behavior in the harmonic gear
reducer system under different gear clearance
conditions, and select appropriate parameters to
reveal the system dynamical evolution process
and its changing law.

2. DYNAMICAL MODELING OF NON-
SMOOTH HARMONIC GEAR
REDUCER SYSTEM

2.1 Definition of Gear Clearance iIn

Harmonic Gear

Since the transmission principle of the harmonic
gear reducer is different from other gear systems,
when performing the motion and torque
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transmitted from the motor end to the load output
end, it is necessary to comprehensively consider
how nonlinear factors including gear clearance
affect the dynamical behavior of the system. In
order to ensure the stability of the transmission
performance, gear clearance must be reserved in
the harmonic gear reducer system. If the gear
clearance is too large, it will cause vibration and
noise in the system, and in severe cases, the
system will collapse; if the gear clearance is too
small, it is easy to cause the gear teeth to be
stuck and excessive wear, which will affect the
service life. The definition and source of gear
clearance in the harmonic gear system have
been introduced above. Considering different
loading conditions and actual scenarios, the
model selection of gear clearance is also
different.

4

1@

Fig. 1. Non-linear segmented functions of the
gear gap clearance f,(q)

In order to facilitate the calculation and have the
non-smooth characteristics of the gear clearance,
this paper adopts the gear gap clearance model
shown in Fig. 1. Let the gear clearance in the
harmonic gear reducer be 2¢, , which is

represented by a non-linear segmented gear
clearance nonlinear function f,(¢). The specific

equation is as follows:

-9 0> (1)
f,(0) = 0 -p<b<op
0+ 0<o

Where ¢, is the gear gap clearance. It can be
measured experimentally: =6, -6, /N , where
6. is the output axis angular displacement and

o

6, is the input axis angular displacement.

2.2 Dynamical Model of Harmonic Gear
Reducer

The various behaviors of the gear transmission
process in practical engineering applications are
extremely complex. We assume that the gears,
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transmission shafts and constraints are rigid in
the axial direction without deformation, and
establish the harmonic gear transmission system
model including nonlinear factors such as
transmission error, stiffness, damping, and gear
clearance, as shown in Fig. 2. In Fig. 2, J; and
J, are the moment of inertia of the input end
and the load end respectively, 6, and 6, are the
angular displacement of the motor input end and
the output end of the load end respectively, T,, is
the static average moment of the input shaft, T,
is the harmonic gear flex spline output torque, N
is the reduction ratio, K(6) is the nonlinear
torsional stiffness, and C, is the equivalent

damping coefficient of the system.

According to the mechanical relationship of the
harmonic gear transmission system, the following
differential equation of motion can be obtained:

3,0,+C, (6, -6, IN)+K(0) F (0) =T,,
36 —C,(6,-6, IN)IN-K(O) f(6)/N =T, /N

)

The friction behavior in the harmonic gear
transmission system is very complex. For the
convenience of analysis, here we use the

equivalent ~ damping  coefficient C, to

approximate the friction factors in the system,
namely:

Ceq = Zé\lJquHD (3)
Where & is the damping ratio,
Jo =N23J,/(N?3;+J,) is the equivalent

torsional inertia of the system, and K., is the
average stiffness of the gear mesh.

The nonlinear stiffness K(#) is an important

nonlinear factor of the system, which is affected
by gear meshing and flexible bearings. In this
paper, the nonlinear stiffness form given in [6] is
adopted, as follows:

K(0) =k, +k,0? 4)

Among them, k, and k, are torsional stiffness
coefficients, =6, -6,/N is the relative twist
angle, and the meanings of 6, 6, and N are
the same as above.
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In this paper, it is assumed that the output torque
T,, of the harmonic gear flex spline is affected
by the periodic slow disturbance, which can be
expressed in the form of T, =T, +T,,sin(at) ,

the

original four-dimensional nonlinear system (2)
can be simplified into a two-dimensional
nonlinear system (5):

where T, =T, , O<w<<l . Therefore,

J0+C 0+ KO f,(0) =T, + 3T, sin(a,) / J,
®)

Carry out dimensionless processing on system
(5), set the system to solve from zero, then

x=(0-6.)16,, D=¢l6, , t=t/t,, and the
dimensionless dynamical model can be
obtained:

K+x+x° £ (X)+AF (X)=B+Csin(m,t) (6)
Where  A=kk,JZ2/C, .,  B=kJiT /C.
C=k,diT../Csdy +  @,=0],IC, The

dimensionless gear clearance function in the
formula is:

x—D x>D
f(x)=< 0 -D<x<D (7)
x+D x<D

Equation (6) contains differential equations of
motion for piecewise non-smooth gear backlash
(1) and time-varying torsional stiffness (4), and
the non-smooth gear clearance with two
interfaces divides the whole system into three
subregions S, S, and S;.

3. FAST-SLOW DYNAMICAL ANALYSIS
OF HARMONIC GEAR REDUCER
SYSTEM

When the external excitation response frequency

o and the internal natural frequency of the
autonomous system involve a magnitude
difference in the frequency domain, the system
will have a multi-scale coupling effect, which may
produce complex dynamical behaviors, and
usually manifest as fast-slow oscillations that
alternately  evolve  from  small-amplitude
oscillations to large-amplitude oscillations. In the
following, we  analyze the  dynamical
characteristics of the system with different
system parameters as variables.
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3.1 Changes in Gear Gap Clearance

The vibration behavior of the harmonic gear
reducer system is affected by the gear clearance
between the internal teeth of the flex
spline and the external teeth of the rigid spline,
and the dynamical characteristics of the system
also change with the change of the gear
clearance. As shown in Fig. 3, we fixed the other

parameters of the system as J, =6.8x10" ,

J,=24x107%, N=100, £=0.05, K, =7200,
k, =3000 , k,=21000 , ¢=175x10%, T, =10

and T, =15, and set the values of the
dimensionless gear clearance to D=0.1 ,
D=025 , D=05 respectively to analyze

the evolution of the dynamical characteristics of
the system.

Fig. 2. Simplified model of the harmonic gear system
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Fig. 3 The dynamical oscillations of the system when there are different gap clearances

Through the time series diagram, it can be found
that when the gear clearance of the system
increases from 0.1 to 0.5, the harmonic gear
reducer system will show obvious non-smooth
characteristics and nonlinear characteristics,
which means that the system has complex
dynamical behaviors at this time. When the gear
clearance is at D=0.1 or D=0.25, it can be
observed from the time series diagram that the
gear teeth of the harmonic gear reducer system
are in the motion state of bilateral impact. And
when the gear clearance is at D=0.5, the gear
teeth of the system are transformed into a state
of unilateral impact, and the corresponding
phase diagram is asymmetric at this time.
Continue to increase the gear clearance, but the
overall dynamical characteristics of the system
will not change qualitatively, and the gear teeth
will always be in the form of unilateral impact.

The impact of the change of the gear clearance

bilateral impact state. Therefore, when the gear
clearance value of the system is within a
reasonable range, the dynamical characteristics
of the harmonic gear reducer system will not
change fundamentally, and the magnitude of the
corresponding response change will not be too
large.

3.2 Changes in Torsional Stiffness

The torsional stiffness curve expression of the
harmonic gear reducer system in the forward
loading process is system (4). This section
focuses on the torsional stiffness coefficient
related to the physical characteristics of the
system itself and explores the influence of
changes in the torsional stiffness coefficient on
the system’s dynamic behavior. Next, we fix the
gear clearance of the system to D=0.1, while
keeping other parameters in the system constant

value on the system is mainly manifested in the except torsional stiffness, only changing
transition of the motion state of the gear teeth the torsional stiffness of the system.
between the unilateral impact state and the
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Fig. 4. The dynamical oscillations of the system when there are different torsional stiffness
coefficients

Fig. 4 shows the time series diagram and related
phase diagram of the corresponding harmonic
gear reducer system when the corresponding
torsional stiffness coefficient values are k, =1000,

k, =3000, and k, =7000 .When the value of the

torsional stiffness coefficient is smaller, the
vibration frequency of the dynamical error of the
system is faster, and the corresponding
vibration amplitude changes little. Therefore, the
change in the torsional stiffness coefficient will
lead to a large change in the dynamic error
response of the system, which will have a greater
impact on the system, and a larger torsional
stiffness coefficient can significantly improve the
dynamical response of the system, enhance the
system's ability to absorb external disturbances
and resist impact capability.

3.3 Changes
Response

in External Excitation

In the actual engineering application background,
the harmonic gear reducer system will bear

different external load excitation responses to
meet the needs of different scenarios. We fix
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other parameters in the system and set the
response components of the external load
excitation of the harmonic gear reducer system
to T, =10Nm , T, =50Nm , and T, =100Nm

respectively, and the corresponding time series
diagram and phase diagram of the system are
shown in Fig. 5.

When the external load excitation response
component T,, =10Nm , the output of the

harmonic gear reducer system bears a relatively
small load and is in a light load state, while the
gear teeth are in a bilateral impact state. When
T,n =50Nm and T,, =100Nm, the system is in a

heavy load state. At this time, the output end of
the flexible spline is driving a large load end
torque, and its external teeth and the internal
teeth of the rigid spline are always in a meshing
state, and the system switches to a single
-side impact state. It is worth noting that
when T, =100Nm , a high-frequency vibration

response appears in the dynamical error
response curve of the system.
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Fig. 5. The dynamical oscillations of the system when there are different external excitation
responses
Due to the increase of the external load system and establishes a non-smooth harmonic

excitation response component, the response
amplitude of the system's dynamical error also
increases, because the external disturbance
component causes the error component
amplitude to increase. At the same time, there
will be speed fluctuations at the output end of the
system, which will reduce the stability and
accuracy of the output end of the system.

4. CONCLUSIONS

This article introduces the non-smooth factors of
gear clearance in the harmonic gear reducer
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gear dynamics model with two interfaces. Based
on vibration theory and nonlinear dynamics
theory, combined with time series diagram and
phase diagram, the effects of different nonlinear
factors on the dynamical behavior evolution
process of the harmonic gear reducer system are
studied.

When the gear clearance of the harmonic gear
reducer system is within a small range, the
corresponding operating state is a bilateral
impact state, and the meshing state of the gear is
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about to be detached. As the size of the gear
clearance increases, the system's motion state
changes to a unilateral impact state. When the
gear clearance value is in a reasonable and safe
range, the change in the numerical value of the
gear clearance only changes the dynamic
characteristics of the system in quantity, without
fundamentally changing the system's motion
characteristics. When a smaller torsional
stiffness coefficient is adopted, the vibration
frequency of the dynamical error response of the
system  significantly increases while the
amplitude of the vibration changes little. This
indicates that appropriate torsional stiffness can
significantly improve the dynamical response of
the system, and increase the system's ability to
absorb external interference and its shock
resistance. Observing the dynamic behavior
evolution of the system corresponding to different
external load excitations in other usage
scenarios of the harmonic gear reducer, it is
found that the system is in a bilateral impact
state under light-load conditions, and it switches
to a unilateral impact state when under heavy-
load conditions. A large negative load torque will
result in multi-vibration responses of the
dynamical error curve, which may cause a speed
fluctuation phenomenon in the output end of the
system.

The research results of this paper can provide
ideas for the application of fast-slow dynamical
analysis methods to solve the dynamic problems
in the harmonic gear reducer system. On the
other hand, it can provide a certain theoretical
reference for improving the transmission
accuracy and stability of the harmonic gear
reducer.
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