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ABSTRACT

In this paper, we have determined the free energy of a binary alloy for any order and it is showed that
the number of equilibrium states of the system is obtained by the Taylor expansion to the 4-th order
choice. We explicitly determine the stable states of alloy which are characterized by the free energy.
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1 INTRODUCTION
1.1 Model to Study

Let us consider a binary alloy constituted of a
crystal structure! of N sites randomly occupied
by N4 atoms of type A and Nz atoms of type B
[2] (fig. 1). Let us take the following data that
characterizes the model to study (fig. 1):

T': the absolute temperature.

Cx = Nx: the X atom concentration.

exvy: the interaction between the species X and
Y.

Pxy: the probability for which an atom of type X
has a neighbor of type Y.

z: the number of neighbors of each atom of type
XorY.

kg: the Boltzmann constant.

S the system entropy.

U: the internal energy of the system.

Fig. 1. Binary alloy

If we note Q the space of the possible positions,
then the number of permitted configurations is
nothing but:

N!
Card97|9‘7m
Based on this formula and the Stirling’s
approximation [1][3][4][5], we obtain the

expression (1.1) of the Boltzmann’s microscopic
entropy based on the concentration [6]:
S

— =So—kg(calnca + cplneg)

N (1.1)

With Sop = kg ln N.

1.2 Free Energy Formula

For the ideal case, that is to say the atoms of a
different species are in very weak interaction or
identical, the thing which be translated by:

EAB — E€AA = €BB

This situation provides to suppose that the
internal energy U = Uy is independent of the
atoms arrangement in sites. Thus, giving a
reminder that the free energy formula is F =
U — TS, the free energy of the ideal solution is
obtained by the following formula [1][6][7][8]:

Fida

Eiq =

(1.2)
= FEo + kT (CA Inca +cpln CB)

With By = %2 — kgTInN. In the regular
case, the entropy always result from the randomly
acquisition of sites: the regular entropy notated
by Sreq is equal to Si4, that is to say Srey =
Sia-  Whereas, the internal energy considers
the interactions of neighboring species. The
probability laws of atoms can be written, for the

equiprobability and the symmetry reasons, as:

Pap + Paa = Ppa+ PBs
cAPap = cBPBa

(1.3)

The symmetry, equiprobability as well as the
interactions between the A and B species provide
to write the regular internal energy, which is
notated by U4, as [1][6][7][8]:

Ureg = $Ncaz (Papeas + Pascaa)
(1.4)

+%Nch (PpacBa + PBBEBB)
The 1 factor is used to not count the liaisons
twice. The relation (1.3) and the fact that
ca + cg = 1 provide, if we pose ¢ =
cap — 3 (caa +epp), to obtain the following
expression:

Ureg = Uy + NzcaePap (1 5)

With a reasonable hypothesis which consists to
do the approximations of the average field by
their average values which provide to confuse
Pap with ¢g, the formulas overview of the regular

YIn mineralogy and crystallography, a crystal structure is a unique arrangement of atoms in a
crystal. A crystal structure is composed of a unit cell, a set of atoms arranged in a particular way;
which is periodically repeated in three dimensions on a lattice [1].
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internal energy and the entropy give us the free
energy of the regular solution:

Ereqg = Eo + zcacge + kT (calnca + cplncp)

(1.6)
Consequently, we are interested in this free
energy of the regular solution since the one of
the ideal solution is a particular case. Indeed, it
is enough to take ¢ = 0. Thereafter, to make
our paper easy to read, we use the following
notationn: E,., = E.

2 FREE ENERGY AROUND
THE EQUILIBRIUM

Free Energy Formula Based
on the Order Parameter

2.1

Our purpose is to write F based on a parameter
which is linked to atoms concentration. For that,
we are going to exploit the symmetry compared
to 5. Indeed, our function is the sum, to within a
constant, of two symmetric functions in relation to
%, theterm zcacp = za(cA—ci) witheg = 1—ca,
and its derivative is worth ze(1 — 2c4), the other
term has kBTln( ca ) as derivative. Both of

l—cy
derivatives cancel each other out in c4 = % In
addition, it is about two even functions in relation

to this axis. We notice that E(1 — ca) = E(ca).

Let us consider:
c]o1e
n 22

Such as ca = 3 — n, it is evident that cx =
% + 7. Based on this new parameter, called order
parameter, n the free energy for an atom can be
written as:

E(m) =FEo+z(3-n%)e¢
+
+keT [S1n (5 = n?) +nin ($22)]
For the physicists, it is interesting to study
the variation of this energy, because the

equilibrium is characterized by its minimum. After
simplification of calculation, we have:

(2.1)

(ST

||

1
AEM) _ _gpen 4 kpTn ( 2 + 77) 2.2)
dn i1
d*E(n) 2ksT
a? 1= a2 ze (2.3)

The critical temperature is obtained when we
have a perfect order, thatis to say ca = ¢ = %
where n = 0. The second derivative of the free
energy can be canceled f#g’) =0whenn =0

which implies that:

zE

T=T.=—
2kp

(2.4)

2.2 Justification of Order Word

It is good to notice that the justification of the
order word come from the sign of ¢, itself is
in relation to n. Indeed, if ¢ > 0 the free
energy of the mixture is higher than that one
of phases, this corresponds to a segregation
tendency, the nature of the structure is in order.
On the other hand, if ¢ < 0 the structure has a
tendency to mixture that is to say a disorder. The
analysis of this free energy uses a polynomial
approximation, it is the aim of the following
section.

3 POLYNOMIAL APPROXI-
MATION AND CRITICAL
POINTS

3.1 Approximation

The 7 variable play a role of order parameter. In
the physical works and articles, even the Taylor
expansion of free energy is given to 2 or 4-th
order, and in accordance with the polynomial
canonical basis (1,z,22,...,z™). In this work we
propose the Taylor expansion to any order, hence
the following result [1][9][10][11]:

Lemma 3.1. The free energy to the n — th order
is approximated by:

E(n) = By + 2kg(T = T.)n” + 2ksTn’* 3.1)
n 2k n *

+kT Yy iy + O™ ™).

With By = Eo + % + kpTIn2 = 52 + (T, —

2In(§).7).

Proof. Since the intervening functions in the
energy given in (2.1) are C — n functions in their
definition field compared to 7, the asymptotic
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expansion of the different terms to the n—th order
are:

—_

n(i —772) =—In2
4 2n
(a2 + 2% 4 B2 4 O

| i

N

nln(% —|—T]) =-nln2
2 n
(20— 295 4 (- 4 0Gr))

—nln (% +17) =nln2
2 3 n
o (204 B B0 4y O 0())

By replacing each term by
expression, we obtain:

its equivalent

E(n) = Eo + ze (3 = 1°) —ksTIn2 + 2kpTn*

n 2k "
+3ksTn" + ksT 325, 21£?;1271) +0m™ ),
keN.

Let us put Fo = Ey, Fi = 2kp(T — 1T¢), Fo =
$ksT and Fy, = 08l Vk > 3,

The polynomial that gives the approximation to
the n — th order of the free energy can be written

as.
E(n) = Fo+Fin’+Fan'+P(n)+0(n"" ) (3.2)

With P(n) = S°7_, Fe.(27)** > 0 Vn. Hence,
the lemma result. O

3.2.2 Justification of the 4 — th order
choice
Theorem 3.3. For alln order,

min E(n) = min E4(n) (3.5)

Proof. It exists a such that 0 < a < %
the free energy E is strictly increasing around

1L
2’

not any minimum of the free energy E in

—a[ and }a,%{. Therefore, there are

]—%,—a{ U }a,%[. The question of minimal
energy comes up only in I = [—a,a] C |—3, 3[.

E, and P are two continuous functions on I.
Since E4(n) > min E4(n) and P(n) > min P(n)
foralln € I, so:

min (E4(n) + P(n)) = min E4(n) + min P(n)
(3.6)
Let us suppose by absurd that:

min (E4(n) + P(n)) > min E4(n) + min P(n)

And let no be the point that realizes the minimum.
Since I is compact and E4 and P are continuous,
therefore the minimum in 7o is attended. Let 7,
a sequence that converges to 7o, then E4(n,) +
P(nn) = (E4+ P) (nn). By passage to limit:

lim [Ea(nn) + P(nn)] = Ea(limnn) + P(limnn)

3.2 Critical Points and Equilibrium ».—mo

States[12][13][14][15][16]

Decomposition of the free
energy writing

3.2.1

Lemma 3.2. The FE free energy to the 4—th order
based on n parameter can be written by:

E(n) =Fo+Fin’+ Fn* +0(n')  (3.3)

It is enough to take O(n*) = P(n) =

(2n*) k25 Fi-(2m) "%

We notice that the free energy to the n — th order

can be written as a sum of two polynomials.
E(n) = Es(n) + Ps(n) + O™ ") (3.4)

Where E4(’I7) = Fy + F1772 + F2774 and Pg(’r]) =
>hes Fi-(2m)%.

= E4(no) + P(no)
= (Es++ P) (no)

Absurd. So:
min (E4(n) + P(n)) < min E4(n) + min P(n)

(3.7)
By (3.6) and (3.7) we have:

min (Ex(n) + P(n)) = min E4(n) + min P((g)s)
Well, P(n) = 37 _; Fi.(2n)* then, -

P/ (n) = Z4ka'(217)(2k71)
k=3

Since 4kFy, > 0 Vk, so P'(n) =0<=n=0.
Thus, the unique critical point of P is (0, 0).

P (n) =" 8k(2k — 1) Fy..(27)*F 2
k=3
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Since k(2k — 1)Fy > 0 Vk > 3, then P () > 0
vn €]0, 1[, therefore P is strictly convex and the
unigue minimum of P is 0. Hence,

min E(n) = min E4(n)

Which explain the fact to do the analysis of a
4 — th order Taylor expansion. We conclude that
the 4 —th order is necessary and sufficient for the
stability study of the alloy. O

After the justification of the 4 — ¢th order choice,
we are going to study the stability for n = 4.

3.2.3 Study for the 4 — ¢th order case

Let us consider the free energy up to the 4 — th
order, and let Fy, Fy and F» be the coefficients
earlier defined. Since E is even, we do the
analysis in [0, 1[. Let us put,

* 2UO
T = 3.9
©  Nks(2In(§)-1) (39)
And,
* % UO 1
= T. 3.10
¢ Nkshn(%) - 2In(%) (3.10)

We have then:

Casewhere I'=T7,, T =T orT =T1}*

1. In the case where T' = T, we have F, =
Fy = 0. And E4(n) can be written as:

8Uo 4

E = 3.11
In that case,
minn E4 = E4(0) =0 (312)

2. In the case where T' = T¢, we have F; =
0. Consequently E4(n) can be written as:

Es(n) = Fo + Fin® (3.13)
And,

min By = E4(0) = Fo = 2
+ (3 = In(3)) kaTe

o If T. < T, then Fy > 0, therefore
E4(n) > 0 and it admits a unique value

n = 0 that realizes the minimal state,
consequently:

min, By = E4(0) = Fy (3.14)

e And if T. > T then Fy < 0. Let be
2B — 4Fyn®, Ea(n) admits a unique
root, and:

min, By = F4(0) = Fy (3.15)

3. In the case where T' = T}*, then Fy = 0.
The free energy can be written as then:

Ea(n) = sz + F2n4 (3.16)
And,
dE;;”) —o(Fy +2F?)  (347)

o If T. < T, then F; > 0. Consequently,
E4(n) admits a unique root n = 0 that
realizes the minimum, then:

minn E4 = E4(0) =0 (318)
o IfT. > T}, then F1 < 0:
_ 2
min, By = Ea(\/55) = 5t (3.19)

Casewhere I" £ 1., T #T; or T # T}*
In this case, the free energy can be written as the
following form:

Es(n) = Fo + Fin* + Fon* (3.20)
And,

Ei(n) = 2n (F1 + 2Fon?) (3.21)

1. f T > T)*, then Fy > 0, so we have two
possible cases:

o If T. < T, then F; > 0. Therefore,

min E4(17) = E4(0) = Fo = %
+E8 (T — 2In(§)T)

e On the other hand, if 7. > T, then
F1 < 0. We distinguish two possibilities

(3.22)

then:
- If Fy < 4
2
min,, Es :E4( 5521) = Fy— 1 <0 (3.23)
2
- it Fy > 1,

min, Es = E4 ( —Fl) — Fo— 45 >0 (3.24)

2
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3.4 Possible Curves of

Fig. 3. /1 > 0; Fp >0

Free

2. fT < T}, then Fy < 0, we distinguish:

o IfT. < TC*, then Iy > 0. So, E4(T])
admits a unique root and (0, Fp) as an
equilibrium point:

Energy

We represent all the possible situations of free
energy in the graphs ( fig. 2, 3,4,5,6,7,8,9, 10
and 11).

min,, E4 = E4(0) = Fo (325)
o However, if T, > T, then:
ming Bs = B (\37)  a0g)
5 .
=Fpy — 5712 <0

3.3
Values

Summary Table: Equilibrium

It is evident that the signs of the coefficients Fjy
and F; play a fundamental role to determine the
stability of the system, that is to say the minimum
of E. As we have previously seen:

min, £ = min, Ey

We summarize all of possible situations of the
free energy in the summary table (Table 1).

Remark 3.1. fundamental

. We have proposed a logical procedure

to do analysis of free energy which
characterizes the stability of a binary alloy.
Indeed, the value of the temperature field
in relation to critical values of T., T;
and 7" provide to determine the Fy and
Fy signs, nay their values, which have
facilitated to us to analyze the minimum
matter of free energy linked to the stability
of system.

. The terms of minimal free energy are

always characterizes by Uy, T. and N.

Table 1. Summary table

Fy| Fi| Thermal field min, E
case 1 0|0 | T=T;
case 2 + |0 | T=T.and T, < T 20+ (2 —n(%)) ksTe
case 3 - |0 | T=T.and T, > T} Lo 4 (2 —In(%)) ksT.
case 4 0 | + | T=Tand T. < Ty
case 5 0|- |T=T"andT,>T" —3kp <T*TT°)2
case 6 + |+ | T>T"and T. < T; Do + %5 (T, — 2In(§)T)
case 7 | - 7;2> T, T.>Trand Fo < | 24kp [2—3)Te — (n () + 2) 1]
case 8 -T2 T, T. > T and Fo > | 20+kp [(2- 35)Te — (In (X)) + ) T]
ir;
case 9 - |+ | T<T;"and T. > T¢ %o+ k2 (1. —2In(5)T)
case10 |- |- [T<T7andT.>T; Dotkp [2- )T — (In () + 3) 7]
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Fig. 4. [, = 0; Fy > 0 Fig. 5. [, = 0; Fy < 0
Fig. 6. Fo =0;F; >0 Fig. 7. Fpb =0;F1 <0

Fig. 8. Fy > 0; F < 0 et Fy < 1 Fig. 9F0 >0F1 <o e‘FO > i
Fig. 10. Fy < 0; F1 <0 Fig. 11. Fo < 0; F1 >0
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CONCLUSIONS

In this article, we have obtained two results:

2. Finally,

1. The first translates into the fact to show
that the 4 — th order Taylor expansion is
necessary and sufficient to approximate
the free energy of a binary alloy.

based on the continuity we
have determined the minimal states that
characterize the system stability.
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