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Abstract

This article substantiates a new look on Euclielsmentsand mathematics history, based Proclus
hypothesisProclus hypothesis answers the question about Euclidisfgoariting his Elements.Two
Greek mathematical achievements underlie Proclus hypsttiesigolden ratig described in the Bookis
II, VI and XllII, andPlatonic solids described in the final Book XlII of thelements As thegolden ratio
andPlatonic solidsexpressed the Universe harmony in Greek science, it flficym Proclus hypothesis
that the main Euclid’s goal in hisSlementsis to embody Pythagoras & Plato’s “Ideas of the Uniwers
Harmony.” Euclid’sElementsare historically the first version of tiMathematics of Harmongs one of
the main directions in mathematics development. This approserturns our understanding of Euclid's
Elementsand mathematics history starting from Euclid. The artmlesents a general interest for fall
mathematicians, math teachers, mathematics students, arall fscience representatives, who are
interested for new ideas in the history of mathematics. T
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1 Introduction

Pythagorean “Mathem’s.” By studying the initial sources of mathematics origie, iwevitably come to
Pythagoras and his doctrine callegthagoreanisnil,2]. Pythagoras was the first thinker who according to
legend called himself philosopherthat is"a lover of wisdom"He first called the Universe yosmoghat
means"beautiful order The subject of his doctrine was the world as a harmonidudew which is
subjected to the laws of harmony and number.

As it is highlighted in [1,2], according to tradition, Pygloaeans were divided into two separate schools of
thought, themattematikoi (Greek for"teachers"or “mathematicians’) and theakousmatikoi(Greek for
"listeners"). The akousmatikoi(listeners) dealt with religious and ritual part of Rygbrean doctrine,
matheématikoi (mathematicians) dealt with studies of the fdeythagorean “Mathem’s":arithmetic
geometryharmonicsandspherics

Pythagorean philosophy had a marked impact on Plato’s studigmrt@ular interest is application of the
Platonic Solids derived by Plato from the Pythagorean theories of gegnasid numbers. Starting from
Plato, Platonic solids had passed a red thread throwghistory of mathematics and theoretical natural
sciences, to the works of Euclid, Johannes Kepler, FelinkKdad from them to modeiquasi-crystalq3]
andfullerened4].

Unfortunately, in the course of historical development, dnine Pythagorean "Mathem’s"harmonics”)
disappeared from mathematics, although an interest imiétay Problem" was preserved in other areas of
human intellect, particularly in philosophy and theoretiwtliral sciences.

Euclid’s Elements.Euclid'sElementsare the next step in the development of mathematicskhiawn, that
Euclid'sElementshad an enormous influence on the development of not only ggoaredrmathematics,
but of the entire science in general. As it is emphdsizéVikipedia [5], the Elements are still considered
a masterpiece in the application of logic to mathematics. $tofhical context, it has proven enormously
influential in many areas of science. Scientiitsolaus CopernicusJohannes KeplerGalileo Galilei, and
Sir Isaac Newtonwere all influenced by the Elements, and applied theiwkadge of it to their work.
Mathematicians and philosophers, such Bertrand Russell Alfred North Whitehead and Baruch
Spinoza have attempted to create their own foundational "Eleégiefor their respective disciplines, by
adopting the axiomatized deductive structures that Euclid's imntndduced”.

The Mathematics of Harmony. Author's book “The Mathematics of Harmony. From Euclid to
Contemporary Mathematics and Computer Science” (World $faer2009) [6] can be considered as
revival of Pythagora&sPlato’s “harmonic” ideas in contemporary mathematicssanehce. For the first time
the conception of the Harmony Mathematics has been introduceédebguthor in the 1998 article [7]
published in the book “Applications of Fibonacci Numbersterm author's speech made at th& 7
International Conference “Fibonacci Numbers and Their Apptioati (Austria, Graz, July 1996). Since
1996, the Mathematics of Harmony and its applications @lem science became the main purpose of
author’s researches.

The story of the book [6] begins with the author's 1977, 1979, b@&8ks [8-10]. Although these books

appeared as result of solving applied problems (optimal aitgwsitfor measuring (analog-to-digital

conversion) [8,9] and new arithmetical basis of computers),[10]fact, they went off far beyond these
applications and touched the basis of mathematics (new matbaintlaeory of measuring and new methods
of number representation).

The book [6] consists of three parts:

Part I. Classical Golden Mean, Fibonacci Numbers, aathit Solids
Part Il. Mathematics of Harmony
Part Ill. Applications in Computer Science
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Two important applications of the Mathematics of Hangdollow from the book [6]:Digital Metrology
(optimal algorithms of analog-to-digital conversion) a@dmputer Sciencénew positional methods of
number representation and following from them new compatgéhmetic’s, Fibonacci and “Golden”
arithmetic’s [8-10]) are the first areas of applications. These egfiins continue evolving in the 21st
century and they pass already from the stage of thes@retudies to the stage of engineering designing
(Fibonacci computers). Publication of the article "Brouseriésternary principle, Bergman’'s number
system and ternary mirror-symmetrical arithmetic"][(la confirmation of this direction. The article [11],
published in the prestigious “Computer Journal” (British Cotap Society), aroused great interest among
readers. Donald Knuth became the first prominent commytecialist, who congratulated the author with
this publication.

The second direction of the Mathematics of Harmony is adedewith new classes of hyperbolic functions,
the hyperbolic Fibonacci and Lucas functionahich have direct relation to non-Euclidean geometry
[12-15].

Proclus hypothesisBy discussing Euclid’s Elements [5], we always tryinal the answers to the following
guestions:

1. What was the main Euclid's goal to write Riement8

2. Why Euclid has introduced thgolden ratio(Proposition 11.11) and how he used this notion in his
Element8

3. Are there connection betwe@®ythagorean "Mathem’sand Euclid'€lement8

The author found the answers to these questions in the bdbk &elarusian philosopher Eduard Soroko
“Structural Harmony of Systems” [16]. Soroko referghe astonishing hypothesis of the Greek philosopher
Proclus [17], one of the first Euclid’s commentators. Bhek [16] presentBroclus’ hypothesiss follows:

“Euclid wrote his Elements not for the purpose of presentatfogeometry itself, but for the purpose to
set forth a complete systematic geometric theory ofivkeMiatonic solids, simultaneously describing
some of the latest achievements of mathematics".

This quote has become one of the guiding ideas in the stibtitag of the deep connection between the
Mathematics of Harmonjp] and Euclid’sElementd5].

The author presents his views @&moclus’ hypothesisand theMathematics of harmonin the articles
[18-20].

The present article is a continuation and developmertieohtticles [18-20]. Here, the following question
appears. What is the purpose of the publication of the presgéie, if the articles on similar topic [18-20]
have been published? Why the author decided to turn onae tagdie justification ofProclus’ hypothesis
and theMathematics of Harmorty

First of all, we must emphasize thBroclus hypothesiss unusual and revolutionary hypothesis in
mathematics history. It overturns our ideas about Eudlidsentsand the history of mathematics. On the
other hand, théMathematicsof Harmony [6] is the new-found scientific discipline (2009) and its rivle
modern science isn't recognized fully until now.

However, the moderMathematics of Harmonig developing today very fast, and its new results,ighid

in the British Journal of Mathematics and Computer Scierfi2&,22] and in thePhysical Sciences

International Journal23], are lifting theMathematics of Harmongn a new scientific level, the level of the
Millennium ProblemsThat is why, the publication of this article, whiodpresents original resume of the
important stage in the development of tathematics of Harmonyset forth in the articles [18-20], is
entirely appropriate, and can attract attention of readatseeMathematics of Harmonjg].
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2 The Golden Ratio in Euclid’s Elements

Let us consider the following Proposition 11 from the BooK Euclid’s Elements.

Proposition 11.11. Divide a given line segmenAD =a+b into two unequal partsAF =b and FD =a so
that the area of the square, which is built on the larger segndd= =b would be equal to the area of the
rectangle, which is built on the segmefAD =a+b and the smaller segmerktD =a.

Depict this problem geometrically (Fig. 1).

G
B E
b C
a
F
A b P D

Fig. 1. A division of a line segment in extreme and meaatio (the golden ratio)

A geometric task, given by Proposition 11.11, is calledivasion of line segmenAD =a+b in extreme and
mean ratioor thegolden ratio.

Note that the geometric figuAGHF is the quadrate with the aréf and the geometric figurBCD s the
rectangle with the areax(a+ b). The Proposition 11.11 is reduced to the task to buildythedrateAGHF
and the rectangula&BCDwith equal areas:

b? =ax(a+b). (1)
If we divide both parts of (1) at first ey and then by, we get the following proportion:

b a+b

X=—= @
a b
what corresponds to the following geometric proportion:
AF _ AD
= =" 3
FD AF 3)
Then, taking into consideration th&D = AF + FD, the proportion (3) can be written as follows:
x=AF*FD_, , FD_, 1 _ 1. (4)
AF AF AF X
FD
The following algebraic equation follows from (4):
x>-x-1=0. (5)
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From the “physical meaning” of the proportion (3), it ilplthat we should use the positive root of the
equation (5). We name this root thelden ratioand denote it byp:

105
5

() (6)

The following remarkable identities for tigelden ratio(6) follow from the algebraic equation (5):

= \/1+ 1+ 141 @)

® =1+—11 , (8)
1+
1+t
1+i
1+...

The expression (8) is of deep mathematic sense. The Rusaihematicians A.Y. Khinchin [24] and N.N.
Vorobyov [25] drew attention on the fact that the expressiogifg)es out thgolden ratio(6) among other
irrational numbers, because according to (8)gblelen ratiois approximated by rational numbers the most
slowly. This fact emphasizes thmiquenes®f the golden ratioamong other irrational numbers from the
point of view of continued fractions.

3 Platonic Solids in Euclid’'sElements

The Greeks made the first attempt to "mathematizenday,” that is, to express the harmony in numerical
and geometric form. According to Eduard Soroko [18]e ancient Greeks associated the idea about the
"universal harmony” of the Universe with its implementatiorthe Platonic solids.”In other words, the
regular polyhedra, called’latonic solidsafter the prominent Greek philosopher Plato (Fig. 2), were
considered as the indicators of the geometric harmony dfrthesrse.

There are surprising geometrical connections between nilasolids. For example, theube and the
octahedron (see Fig. 2) ardual one to another, that is, they can be obtained one from anifther take
the centroids of the faces of the first figure as theexer of another one and conversely. Similarly, the
icosahedroris dual to thedlodecahedroifsee Fig. 2). Th&etrahedron(Fig. 2) isdual to itself.

The dodecahedrommand thedual to iticosahedronsee Fig. 2) take a special place among the Platolits so
First of all, we note that the geometry of ttedecahedromand thacosahedrorrelates directly to thgolden
ratio. Indeed, all faces of the dodecahedron (Fig. 2yegalar pentagonsbased on thgolden ratio If we
look closely at the icosahedron in Fig. 2, we can see thatach of its vertices, the five triangles come
together and their outer sides form ttegular pentagorbased on thgolden ratio Even these facts are
enough to make sure that thelden ratioplays a crucial role in the geometric constructiorheke Platonic
solids.
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HSH

Tetrahedron Octahedron Cube

Icosahedron Dodecahedron

Fig. 2. Platonic solids
(Wikipedia, the free encyclopedia, from https:/waoengle.ca/?gws_rd=ssl#g=platonic+solids+images

But there are the deeper mathematical confirmations ofuthéamental role of the golden ratio in the
icosahedron and the dodecahedron. It is known that the Platowis sale three specific spheres. The first
(inner) sphere is inscribed into the Platonic solid and touclsefaites. We denote the radius of the inner

sphere byR . The second amiddlesphere of the Platonic solid touches its ribs. We detheteadius of the
middle sphere byR,. Finally, the third ¢uten sphere is described around the Platonic solid and passes

through its vertices. We denote its radius By. In geometry, it is proved that the values of the rafiii o

these spheres for the dodecahedron and the icosahedron with arf edgdemgth are expressed through
the golden ratio (see Table below).

R R, R
}(DZ
1 1 2
Icosahedron | =®v 30 |- | E£—
2 2 J3
2 2
Dodecahedror q)—\/‘;’ (l L
2 2 | 23—

Note that the ratio of the radfR = V3(3—¢o) is the same for the icosahedron and the dodecahedron. Thus,
R ®

if the dodecahedron and the icosahedron have the same iheezssptheir outer spheres are equal. This is a

reflection of the "hidden harmony" of the dodecahedron amittisahedron.

4 Proclus Hypothesis and a New Look on Euclid’Elements

As follows from Wikipedia [17]Proclus was born February 8, 412 AD in Constantinople in the family of
high social status in Lycia. He studied rhetoric, philoyopitd mathematics in Alexandria. At the age of 20
years, Proclus moved to Athens, whBtetarch of Athenswas a head of Platonic Academy. As early of the
age of 28 yearsProclus wrote one of his most important works, a commentary otoBlEimaeus.About
450 he has became a head of the Platonic Academy.

The Commentary on Book | of Euclid’s Elemeistshe most important Proclus’ mathematical work. I& hi
CommentaryProclus put forward the following unusual hypothesis. As mentionesl,fithal book of the
Elements(the Book XIll), is devoted to the presentation of the geomeheory of the fiveregular
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polyhedra which play the leading role iRlato's Cosmologynd is known in modern science Rlgitonic
solids (Fig. 2). Typically, the most important material of estific work takes a place in its final part.
Proclus attracts a special attention to this fact. He beliethat the placement of the theory of regular
polyhedra in Book XIII is no accidental. Based on this obsemahe put forth the following unusual
hypothesis:

Proclus’ hypothesis: By placing the theory of Platonic solids in the final Bd&ook XIll) of his
Elements, Euclid points out to the main goal of the Elemesish consists in the creation of geometric
theory of Platonic solids, symbolizing the Universe Hammia Plato's Cosmology.

As it is pointed out by Eduard Soroko [16], according tmckis, Euclid’'s goal was not to set forth geometry
itself, but to build the complete theory of regular pobjtze(“Platonic solids”). This theory was outlined by
Euclid in the XllI-th, the concluding book of tlilements This fact in itself is an indirect confirmation of
Proclus’ hypothesis. Typically the most important scientififormation is placed in the final part of a
scientific work.

To attain this goalEuclid included the necessary mathematical information intoEfleenents The most
curious fact is that in the Book Il he introduced ti@den ratiQ used by him for the creation of the
geometric theory of thdodecahedror{see Fig. 2). IrPlato’s Cosmologythe regular polyhedra have been
associated with the Universe Harmony. This means that EZudliementsare based on the “harmonic
ideas” of Pythagoras and Plato, that is, Eucli#ementsare historically thefirst variant of the
“Mathematics of Harmony”[6]. This unexpected view on thElementsleads us to conclusions, which
radically alter our ideas about the history of mathemadiesting from Euclid.

Proclus’s hypothesis points out on the deep connection betRygbagorean “Mathem’s”and Euclid’s
Elements because Euclid&ementsinclude in themselves all th®ythagorean “Mathem’s! arithmetig
geometryharmonicsandspherics

As it is known, the famous Russian mathematician acedgamikKolmogorov in the book [26] has identified
the “key” problems, which stimulated the development of ma#ties at the stage of its origin. He
considered two such problems: theunting problemand themeasurement problerithe counting problem
resulted in the creation ofatural numberswhile themeasurement probleffincommensurable segmenis”
resulted in the creation afational numbers Geometry historically follows from th@easurement problem.
As it is known, the name d§eometry” is from the ancient Grealeo-'earth",-metron"measurement". The
natural and irrational numbers together with geometrytteefoundation ofClassical Mathematigswhich
underlies thelassical theoretical physi@ndcomputer sciencésee Fig. 3).

The harmony problembased orPlatonic solidsand thegolden ratig is the foundation for thBlathematics
of Harmony which underlies thedolden” theoretical physicand“golden” computer sciencésee Fig. 4).

According toProclus’ hypothesisthe harmony problemconnected wittPlatonic solidsand thegolden
ratio, is the main idea of EuclidBlementsin which the "harmonic ideas" by Pythagoras and Plato’s wer
embodied.

As it follows from Proclus’ hypothesis, Euclid®ementscan be regarded as historically the first attempt to
create a mathematical work, devoted to the descriptiatheoPlatonic solids the main indicators of the
Universe Harmony in Plato’s Cosmology.
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Kolmogorov's "key" problems
for the ancient mathematics

! !

Counting Measurement
problem problem

! ! !
Positional Incommensurahle |Geometry
principle of line
number segments
representation

! !

1

=3

Number theory Measuremer

and natural theory and
numbers irrational
numbers

Euclidean geometry
Non - Euclidean geometr
Differential geometry
Topology and geometry
Algebraic geometry

! !

|

Computer s@nce

Classical mathematics
Theoretical physics

Fig. 3. Kolmogorov's way for the development of classicahathematics

Proclus' hypothesis

|

Harmony problem
in Euclid's Elemen

!

{

Platonic Solids
!

The Golden Ratip

The Mathematics of Harmony
Theory of the Golden Ratio,
Fibonacci and Lucas numbers
and their generalizations
Hyperbolic Fibonacci and Lucas Functig
Fibonacci and "golden" matrices

! !

!

"Golden'| |Hilbert's
number Fourth
theory Problem

Fine - structu
Constant
Problem

re

! !

!

"Golden" Non - Euclidean Geometry
"Golden" theoretical physs
"Golden" computer science

Fig. 4. Harmony mathematics and its applications followindgrom Proclus’ hypothesis

Theory of thegolden ratio, Fibonacci and Lucas numbgg$,27,28] and their generalizationsiljonacci
and Lucasi-numbersandmetallic mean$29-35]) are the basis of the Mathematics of Harmétyperbolic
Fibonacci and Lucas functions [12-15] and Fibonacci and “gbldetrices [36] follow from them.
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The Mathematics of Harmony underlies such fundamental matieahresults as the “golden” number
theory [21], original solutions to Hilbert's Fourth Problemthe MILLENNIUM PROBLEM in geometry
and to Fine-Structure Constant Problem as Physical ENNIUN PROBLEM [22,23]. The above results
underlie the“Golden” Non-Euclidean Geometry, “Golden” Theoretical Physic‘Golden” Computer
Science.

This approach can be unexpected for many mathematiciahgng out, that in parallel witlClassical
Mathematics another mathematical discipline, tHdathematics of Harmonybegun to develop in
mathematics since EuclidEementswhich are the source for both directions.

However, theClassical Mathematicdborrowed in Euclid’sElementsthe axiomatic approachand other
ancient mathematical achievements (number theory, thebryrrationalities and so on), while the
Mathematics of Harmonporrowed thegolden ratio (Proposition 11.11) andPlatonic Solids described in
Book XIII of Euclid’s Elements

For many centuries, the creation@gssical Mathematiceas the main goal of mathematicians. And in this
direction,Classical Mathematicachieved outstanding successes and became the Queen of Scikmees.

Unfortunately, the fate of thiglathematics of Harmonwas more dramaticallyProclus’ hypothesisogether
with the Mathematics of Harmonwas simply ignored irClassical MathematicsThe Mathematics of
Harmony, as very important mathematical direction andofaaeg to Proclus) the main idea of Euclid’s
Elementsdeveloped very slowly.

However, it should be noted that the development of the Matie@d Harmony, had never been stopped.
Starting fromPythagoras Plato, Euclid (ancient Greeks periodfibonacci (the Middle Ages)Pacioli,
Kepler, Cassini (the Renaissancepinet, Lucas, Klein (19" century), Coxeter, Vorobyov, Hoggatt,
Vajda (20" century), the intellectual forces of many prominent mattéicians and thinkers were directed
towards the development of the basic concepts and applicafiohe Mathematics of HarmonyWe have
no right to ignore this important fact in the history adtirematics!

In the 19" century, thanks to the efforts of French mathematidginet andLucas, as well as the German
mathematiciarielix Klein, the new mathematical results in this afdaét's formulag37], Lucas numbers
[38], Lucas sequencd89], Klein's icosahedral ide§40] and so on) were obtained.

These mathematical achievements became a launchingmpthae f@pid development of this direction in the
second half of the 20th century (the works of the Canadian geprHetrold Coxeter [41], the Soviet

mathematician Nikolai Vorobyov [25], the American mathematiciferner Hoggatt [27], the English

mathematician Stephan Vajda [28] and so on).

Unfortunately, starting since Euclid, these two importaitections Classical Mathematicsand
Mathematics of Harmonyevolved separately from one another. A time came to dhdse important
mathematical directions. This unusual union can leadhew scientific achievements in mathematics,
computer science, theoretical natural sciences and bedwneource for future development of these
sciences. The book [6] can become the basis for this union.

5 The Use of the Golden Ratio and Platonic Solida Modern Science

5.1 “Parquet’s problem” and Penrose’s tiles

The English mathematician SRoger Penrosewas the first researcher, who found an original smutf
the “parquet’'s problem” known from ancient times. In 1972, he has covered a plantcsuin non-
periodic manner, by using only two simple polygons. ka shmplest formPenrose’s tiling[42] is a non-
random set of rhombi of two types, which follow directlgrfr the regular pentagon and pentagram. The first
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one, called thick” rhombus(Fig. 5a), has the internal angles’ aad 108 and the second one (Fig. 5b),
called ‘thin” rhombus has the internal angles°3&nd 144.

36

144°

All side lengths
are equal.

&) (b)

Fig. 5. Penrose’s rhombi: “thick” rhombus (a) and “thin” rhombus (b)
(Wikipedia, the free encyclopedia, from https://waaegle.ca/?gws_rd=ssl#g=penrose+rhombus)

As SirRoger Penroseproved, the “thin” and “thick” rhombi in Fig. 5 allow coweg completely an infinite
planar surface. Below in Fig. 6, we can see a praafessquential constructing &fenrose’s tilingby using
the“thick” and“thin” rhombi (Fig. 6).

(a) (b)

(c) (d)

Fig. 6. Penrose’s tiling
(Wikipedia, the free encyclopedia, from https:iMekipedia.org/wiki/Penrose_tiling

10
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It is proved that the ratio of the number of thigick" rhombi (Fig. 5a) to the number of th&in" rhombi
(Fig. 5b) for thePenrose’s tiling(Fig. 6) strives to thgolden ratioin the limit.

5.2 Quasi-crystals

November 12, 1984, in the small article, published in thetigiess journal “Physical Review Letters" [43],
the experimental proof of the existence of a metal aliih exceptional properties has been presented.
Israeli physicistDan Shechtmanwas the author of this experimental discovery. This aflay shown all
indications of a crystal. Its diffraction pattern was magdeof bright and regularly spaced points, just like a
crystal. However, this picture has been characterizedtheé presence dficosahedral” or "pentagonal”
symmetry, strictly forbidden in the crystal from geometrimansiderations. Such unusual alloys were called
quasi-crystalg3].

Note that thePenrose tiling(Fig. 5) are planar model of tlggiasi-crystals

As highlighted in Gratia’s article [44], the notion bEtquasi-crystal'leads to expansion of crystallography,
we only begin to explore the newly discovered wealth ofi-gmgstals. Its importance in the world of
minerals can be put on a par with the addition of the concept afiorral numbers to rational in
mathematics"”.

5.3 Fullerenes

Thefullerenes[4] are another outstanding scientific discovery, whick daelation to Platonic solids. This
discovery was made in 1985 Rpbert F. Curl, Harold W. Kroto and Richard E. Smalley. The title of
fullerenesrefers to the carbon molecules of the tyhg C-o, Cv6 Css, in Which all atoms are placed on a
spherical or spheroid surface. In these molecules, thesatbwarbon are located at the vertexes of regular
hexagons and pentagons that cover the surface of sphere ooidgpfdée molecule of the carbons{C
(Fig. 7a), calledbuckminsterfullereneplays a special role amongst fullerenes. It is basethe so-called
truncated icosahedrof#5] (Fig. 7b) and has the highest symmetry.

a) b)

Fig. 7. The molecule of the carbon §(a) and truncated icosahedron (b)
(Wikipedia, the free encyclopedia, from https:iekipedia.org/?title=Fullerene
and https://en.wikipedia.org/wiki/Truncated_icosdtm)

Fullerenes(Nobel Prize in Chemistry-1996) arglasi-crystals(Nobel Prize in Chemistry-2011) are a
worthy gift for the 108 anniversary of the publication of the book [40], whdtelix Klein after
Pythagoras Plato andEuclid predicted a prominent role Biatonic solidsn modern science.

5.4 Fullerenes in the galaxy as the experimental ofirmation of the self-organization
and harmony of the universe

The article [46], published in the Jourridture, contains sensational information. The article presents an
experimental proof of the fact that tiMilky Wayand other galaxies contain a large amount of fullerenes

11
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Scientists say that fullerenes are actually containgdemgalaxies in large amount what enshrines for them
the status ofnanofactories;"so astronomers named them in 2011.

Commenting on this article, we can say that it containg vatuable information, which confirms the
correctness of "harmonic ideas" Bythagoras, Plato, Euclid, Kepler, Kleimho predicted the outstanding
role of regular polyhedra ("Platonic solids") in the struesuof science and Nature many millennia and
centuries ago.

Through this experimental discovery, thélerenes based on the truncated icosahedron (Fig. 7b) and the
golden ratig acquired the status of theain symbol of the "Universe HarmonyHanks to the Nobel Prizes
for fullerenes (1996) and quasi-crystals (2011), theotet@tural sciences made great strides in the field of
the "harmonic ideas" by Pythagoras and Plato.

6 A Discussion of Proclus’ Hypothesis in Historicamathematical
Literature

6.1 The books by Charles H. Kann, Leonid Zhmud an&raig Smorinsky

The analysis of Proclus’ hypothesis is found in many magiieai books. Consider some of them [47-49].
In Charles H. Kann’s book [47], we read'According to Proclus, the main objective of the "Elemenz$
to present the geometric construction of the so-called Plasmiids."

In Leonid Zhmud’s book [48], this idea got a further developméi®roclus, by mentioning all previous
mathematicians of Plato's circle, said: "Euclid lived lateian the mathematicians of Plato's circle, but
earlier than Eratosthenes and Archimedes ... He belonged to'®kthool and was well acquainted with
Plato’s philosophy and his cosmology; that's why he put a creatf the geometric theory of the so-called
Platonic solids as the main purpose of the Elements."

This comment draws our attention to the deep connection beti#gaiol and Plato. Euclid fully shared
Plato’s philosophy and cosmology, based on Platonic solids sthdtyi, Euclid put forward the creation of
the geometric theory of Platonic solids as the main purpbkis Elements.

In Craig Smorinsky’s book [49], there is discussed the influence of Plato’skamdid's ideas odohannes
Kepler at designing of the so-callégepler's Cosmic Cup50] (the original model of the Solar System,
based on Platonic Solids in his first book "Mysterium Cosnpigcam"):

"Kepler's project in “Mysterium Cosmographicum” was to giteue and perfect reasons for the
numbers, quantities, and periodic motions of celestial orbitee' perfect reasons must be based on the
simple mathematical principles, which had been discovereldpfer in the Solar system, by using
geometric demonstrations. The general scheme of his modebavesved by Kepler from Plato's
Timaeus, but the mathematical relations for the Platonic soljogramid, cube, octahedron,
dodecahedron, icosahedron) were taken by Kepler from thé&sway Euclid and Ptolemy. Kepler
followed Proclus and believed that "the main goal of Euclid wasuild a geometric theory of the so-
called Platonic solids." Kepler was fascinated by Proclus andnofgeiotes him calling him
"Pythagorean"”.

From this quote, we can conclude that Kepler usedPtamnic solidsto create th&€€osmic Cupbut all the
mathematical relations for the Platonic solids were eetbby him from Book XlII of theElementsin
other words, he united in his studies Plato's Cosmoldgy Buclid’s Elements.Following this, he fully
believed inProclus’ hypothesishat the main goal of Euclid was to create a complete geimntheory of the
Platonic solids, which was used by Kepler in his geometddel of the Solar system.
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6.2 Klein's icosahedronical idea

In the late of the l‘@)century, the German mathematiciaalix Klein drew attention to the Platonic solids.
He predicted an outstanding role of the Platonic solidsparticular, the icosahedron for the future
development of science and mathematics. In 1884, Felibnidablished the book [40], dedicated to the
geometric theory of the icosahedron.

Klein considers the regular icosahedron as the mathematical,oipggnt which the branches of the five
mathematical theories follow, namelgeometry, Galois’ theory, group theory, invariants theory and
differential equations.

Thus,Felix Klein, by following Pythagoras Plato, Euclid, andJohannes Kepler attracted attention to the
fundamental role of the Platonic solids, in particulag, itosahedron, for the future development of science

and mathematics. Klein's main idea is extremely sin0d: "Each unique geometrical object is somehow
or other connected to the properties of the regular icosahédron

6.3 The opinion of the Russian historian of mathentecs Mordukhai-Boltovskii

In comments to Euclid'sElements[51], Prof. D.D. Mordukhai-Boltovskii (the authoritativRussian
historian of mathematics and translator of Euckl&mentsnto Russian [51]) writes the following:

“After the careful analysis of Euclid’s Elements, | have beemvinced firmly that the construction of
regular polyhedra, and even more - the proof of the existenfbeeadind only five regular polyhedra -
represented the ultimate goal of the work, which led to thgrodf the Elements".
Thus, many famous scientists, mathematicians and tlsinlstairting fromJohannes Kepler and Felix
Klein, and ending by contemporary historians of mathem&tngry Mordukhai-Boltovskii, Charles H.
Kann, Leonid Zhmud and Craig Smorinsky, firmly believed in the correctness Bfoclus’ hypothesis

which overturns our views on Euclid’s Elements and mathesatstory starting from Euclid. And we can
not ignore these historical facts!

7 The “Golden” Number Theory and New Properties of Natural
Numbers

7.1 Binary system, Bergman'’s system and codes oftlgoldenp-proportions

A detailed description of the new approach to the creatidheo"golden" number theory is given in the
article [21].

We can use the binary system
A=) a2 (i=0,+1%2%3,.) 9)

for the constructive definition of real numbeksHere g, D{O,]} is a binary numeraIZi is the weight of
thei-th digit, the number 2 is the base of the numeral systgm (9

The definition (9) can be generalized by usingabées of the golden p-proportigristroduced in [10]:

A= gd},; p=0,12,3,.. (10)
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where &, D{O,]} is the binary numeranJip is the weight of thé-th digit; CDp is the base of the numeral
system (10), the positive root of the following algebexgoation:

xPl—xP-1=0, (11)
wherep is an integer number taken its value from theS&{O,l, 2,3, }
Note that numeral systems (10) have the following progertie

1. A number of new positional binaryg( D{O,]} ) representations of real numbers, given by (10), are

theoretically infinite.
2. For the casp=0 the numeral systems (10) is reduced to the binary sy&em

3. The powers of the goldqmproportionSQJ:) are connected by the following identities:
P = dLL+ P L P =« H(i=0,21£243,.). (12)

4. Except for the casp = 0, all the rest goldep-proportions CDp (p=1,2,3,...) are irrational. This

means that the formula (10) defines a new class of nunsgetéms,numeral systems with
irrational bases.

5. For the cas@=1 the numeral system (10) is reducedrgman’s systepintroduced in 1957 by
12-years American wunderkir@®eorge Bergman[52]:

A:quai(i:o,il,iz,i 3.). (13)
whereA is a real numberg, D{O,]} is a binary numeral®' is the weight of thé-th digit, ® = %

(thegolden ratiq is the base of Bergman’s system (13).

It is necessary to note that thember system with irrational basetroduced byGeorge Bergmanin 1957
[52] andcodes of the golden p-proportigristroduced and studied by the author in the 1984 book §t6],
the most important mathematical discoveries of 20 c. irfigheé of numeral systems after the discovery of
positional principle of number representation (Babylon, 2B@D), decimal system (India, 5th century) and
binary system (9). The most surprising is the fact Gebrge Bergmanmade his mathematical discovery,

having fundamental importance for number theory, inatpe of 12 years! This is an unprecedented case in
the history of mathematics!

7.2 New properties of natural numbers

The article [21] describes another unusual mathematisaltrea discovery of new properties of natural
numbers. Th&-propertyof natural numbers is one of the most surprising among.them

By using the concept of th& — code of natural numbei:

®-code: N=) a®'(i=0,21,£2+3,.) (14)
and the well-known formula

14



Stakhov; BJIMCS, 13(6): 1-22, 2016; Article no.BJME3300

_L+F\5

@ 2

(i=0,£1£2%3,.), (15)

which represents the golden ratio powQBE through Lucas numbek; and Fibonacci numberk; , we can
prove the following theorem.

Theorem (Z-property). If we represent an arbitrary natural numiérin the @ -code (14) and then

substitute the Fibonacci numbrinstead of the golden ratio pow@i in the expression (14), where the
index i takes its values from the set {£0,+2+3,...}, then the sum that appear as a result of such a
substitution is equal to 0 identically, independently on iteal natural numbeN, that is,

Forany N=Y" a®' after substitution 7~ @ :>" ;g EO( F0,+1+2+3,.). (16)
| I

Note that thez-propertyand other unusual properties, described in [21], are validfonihatural numbers.

It is surprising for many mathematicians to know that the netihenaatical properties of natural numbers
were discovered only at the beginning of the 21-th centhay,i$, 2% millennia after the beginning of their
theoretical study in Greek mathematics. Godden ratioand Fibonacci numbers play a fundamental role in
this discovery. This discovery connects together two outsignaiathematical concepts of Greek
mathematicspatural numbersand thegolden ratio.This discovery is a confirmation of the fruitfulness of
the constructive approach to the number theory bas&@kmman’s syster(l3) andcodes of the goldep-
proportions(10).

7.3 Applications in computer science

As it is shown in the book [6Bergman’s systen(il3) andcodes of the goldep-proportions(10) have
interesting applications irtomputer scienceand digital metrology. They are the basis for designing
Fibonacci computerandself-correcting analog-to-digit and digit-to-analog converters

8 Hilbert's Fourth Problem as a Candidate on the MLLENNIUM
PROBLEM in Geometry

8.1 Hilbert’'s Fourth Problem as interdisciplinary problem

In the lecture Mathematical Problems[53], presented at the Second International Congress of
Mathematicians (Paris, 1900), the prominent mathematiDiavid Hilbert (1862-1943) formulated his
famous 23 mathematical problems. Most of these problemesr@v been solved. Hilbert Fourth Problem is
considered unsolved in spite of the attempts of the mati@amst (Hamel, Pogorelov) to solve this
problem. In [53], this problem is formulated as follows:

“The more general question now arises: Whether from other suggstndpoints geometries may not
be devised which, with equal right, stand next to Euclidean gegme

Hilbert's quote contains the formulation of very impoit mathematical problem, which has a
multidisciplinary character, and, according to Hilbert, conseto the foundation offeometry, number
theory, theory of surfacemdcalculus.

Wikipedia article [54] so formulates a status of HilleeRourth Problemtthe original statement of Hilbert
has been judged too vague to admit a definitive answer”.

This quote puts all blame for the solution to HilbeRmurth Problem (or rather the lack of the solution) on
Hilbert himself, who formulated this problevery vague

15



Stakhov; BJIMCS, 13(6): 1-22, 2016; Article no.BJME3300

8.2 From the “game of postulates” to the “game ofunctions”

According to [55], the cause of the difficulties, argsit the solution of Hilbert's Fourth Problem, lies ie th
following. All the known attempts to solve this problerme¢bert Hamel, Alexey Pogorelov [56]) were based
on the traditional approach and have been reduced to ttelled“game of postulates’[55]. This “game”

in geometry started from the works Mjkolai Lobachevski andJanos Bolyaj whenEuclid’s 5" postulate
was replaced on the opposite one. This was the most mejpinsthe development of thn-Euclidean
geometry This changed the traditional geometric ideas anddettheé creation ohyperbolic geometrylt
must be emphasized that the titlehgperbolic geometryighlights the fact that this geometry is based on
the hyperbolic functions The use of hyperbolic functions for mathematicasodiption of hyperbolic
geometrywas one of main Lobachevski's ideas.

8.3 New approach to the solution of Hilbert’s fourh problem

Once again we emphasize that the very titlaygerbolic geometrgontains in itself the important idea for
another approach to the solution of Hilbert’'s Fourth ProblEms idea consists isearching new classes of
hyperbolic functions which can be the basis for new hyperbolic geometriesryEmew class of the
hyperbolic functions “generates” new variant of hypealeometry. By analogy with thgame of
postulatesthis approach to the solution of Hilbert's Fourth Problean be named thgame of functions
[55].

8.4 The recursive hyperbolic Fibonacci and Lucas fuctions based on the golden ratio

New classes of hyperbolic functions are introduced in [12-1L&}. us consider the simplest recursive

1++/5

hyperbolic functions based on tgelden ratio® = >

Hyperbolic Fibonacci sine:

o - (17)

J5

Hyperbolic Fibonacci cosine

sF(X =

o< + o (18)

5

Hyperbolic Lucas sine:
SL(Y) =d* -~

cF(x) =

(19)

Hyperbolic Lucas cosine
cL(X) =P* + 7~

(20)

Hyperbolic functions (17) — (20) preserve all well-known prtips of the classical hyperbolic functions, in
particularparity properties
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Parity property :
{sF(—x)=—sF( ¥, CcHR- X= ck X (21)
sL(-x)=-sl{ ¥; cl{- = cl X
The identity
[en()] -[ st §]"=1 )

is possibly one of the most important properties of the dalskiyperbolic functions. For the case of the
hyperbolic functions (17) — (20) the identity (22) looks asfol:

[eF (X -[sF(4] = (23)

[cL(x):l2 [ sy >§:|2 =4. (24)

However, therecursive propertiesire the main feature of hyperbolic Fibonacci and Lugastfons (17) —
(20). Here are some exampleg@tursive properties

Recurrence relation for the Fibonacci hyperbolic functions::
sF(x+2) = cF(x+1)+ sH ¥
cF(x+2)=sF(x+1)+ cH )
Recurrence relation for the Lucas hyperbolic functons::
sL(x+2)=cl x+1)+ sl ¥
cL(x+2)=sl{ x+1)+ cl{ 3
Cassini's formula:
[sF( x):|2 - cF( x+1) cH x1)=-1 (26)
[cF(x)]z— sF( x+1) sH x1)=1

New hyperbolic geometry of phyllotaxis, based on the recutsyperbolic Fibonacci functions (17), (18)

(Bodnar's geometnf57]), is brilliant confirmation of practical usefulnesstbgé functions (17) — (20) in
Nature.

(25)

8.5 General theory of the recursive hyperbolic funitons and original solution to
Hilbert’s fourth problem

The articles [15,22] describe a general theory of thearsitve hyperbolic functions, based on the so-called

Fibonacci A-numbersand “metallic proportions” [29-35]. This theory underlies the original solution to
Hilbert’s Fourth Problem, which leads us to the “Golden’hNruclidean geometry and new challenge to

theoretical natural sciences.
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9 The Fine-structure Constant Problem as the Physat MILLENNIUM
PROBLEM

The article [23] describes an original solution to tfee-structure constanproblem based on the
Mathematics of Harmony [6].

In 2000 a group of the eminent physicists has formulated@hehysics MILLENIUM PROBLEMS. These
Physics MILLENIUM PROBLEMS have been presented at #tengs 2000 Conferencguly, 10-15,
University Michigan, Ann Arbor).

The first Physics MILLENIUM PROBLEM, formulated by Bia Gross (University of California, Santa
Barbara), Nobel Prize Laureate in Physics-2004, souniddl@s's:

“Are all the (measurable) dimensionless parameters that chertae the physical universe calculable
in principle or are some merely determined by historical or quantmechanical accident and
incalculable?”

The authors of the article [23] have focused orfitiestructure constant (Sommerfeld's constamtjich is
a fundamental dimensionless physical constant, charantetie strength of the electromagnetic interaction
between elementary charged particles.

Bearing in mind thdine-structure constards the main dimensionless physical constants of physidd,
the authors of the article [23] have reformulated Davids&rMILLENNIUM PROBLEM as follows:

“Is the fine-structure constant, which characterizes the jolaysuniverse, calculable or non
calculable?”

Based orMathematics of Harmon}g], the"golden" matriced36] andFibonacci special theory of relativity
[58], the authors of the article [23] have deduced thinemaatical formula that determines the dependence of
thefine-structure constarftom the timeT since theBig Bang

This formula makes it possible to calculate the valdd¢befine-structure constarfor all stages of evolution
of the Universe starting since tBéy Bang(the Dark Ages theLight Age$ and theBlack Hole(the negative
arrow of time).

It is proved in [23] a high coincidence of theoretical datetlie value of théine structure constand&r with
“the experimental data for theéght Agesof the Universe”.

A substantiation of the coincidence between the theoletichexperimental data for the Black Hole and the
Dark Ages is not possible. Such experimental data inighgsid astronomy do not exist yet. However, there
is given in [23] theoretical and numerical picture of tharge of the fine-structure constant for the Black
Hole, and for the Dark Ages.

10 Conclusions and Suggestions

Proclus hypothesiss extremely important and revolutionary idea for thadnis of mathematics. That is
why, all mathematicians, math teacher, math studentsreprésentatives of theoretical natural sciences
should be familiar with this amazing hypothesis, which ovestwur understanding of EucliElementsand
mathematics history.

If we look at the origin of the term of "mathematicsg wan find that this word unites four interconnected
Pythagoras "Matem’s"arithmetic, geometry, harmoni@nd spherics.From Pythagoras "Matem’s," many
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mathematical directions and disciplines have been develapggbra and calculus, mathematical analysis,
probability theory, group theory, spherical and non-Euclidesomgtry, formal logic, topology, and other
mathematical discipline. Unfortunately, in the evolutionarycpss, one of the “Matem’s” wasst at the
certain stage of mathematics development; it was deaidgidke outthe harmonicsfrom Matem'slist.

Proclus Diadochus (412-485), the Neoplatonic philosopher and mathematician, one offirste
commentators of Euclid’'s Elements, was the first thinkdrp has tried to correct thidrategic mistakén
mathematics historyProclus hypothesiss one of the most unusual hypotheses in mathematicsyhisto
According toProclus hypothesi€uclid’s Elementsare an embodiment of “harmonic ideas” by Pythagoras
and Plato and they can be treated as historically theviéersion of thévlathematics of Harmonyne of the
most important directions in mathematics development.

Note thatharmonic ideady Pythagoras, Plato and Euclid are widely used in theatatatural sciences,
particularly in modern theoretical physics, chemistrystallography, botany, biology, medicine and so on.
This is confirmed by a number of outstanding scientdiscoveries honoured with the Nobel Prize
(fullerenes, quasi-crystals and others).

The following conclusions and suggestions follow from thegeraents:

1. Historical truth must prevail: Proclus hypothesis stdug introduced into modern mathematics and
especially into mathematical education.

2. Introduction of Proclus hypothesis into modern mathemageoslead to the revision of tlstrategic
mistakein the development of mathematics, which led to the exarlusf one of the Pythagorean
Mathem'’s barmonic$ from the foundation of mathematics.

3. Introduction of Proclus hypothesis into mathematics can leaéhdreasing the interest in the
Mathematics of Harmony [6] as a new interdisciplinaryaicn of modern science. This can lead to
the wider use of thgolden ratio, Fibonacci numberand Platonic solidsin theoretical natural
sciences what is a prerequisite for new scientific disaes.

4. Introduction of Proclus hypothesis into mathematics cad k® enhancing the role of tigwlden
ratio, Fibonacci numbersand Platonic solidsin mathematical education. These mathematical and
geometrical concepts should play the same role in mathmihaducation as for example,
Pythagorean Theorem.
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